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Abstract 

We study a class of action functionals S(j) — J t(z, dz) on the 
space of unparamctcrized oriented rcctifiable curves 7 in R™. The lo- 
cal action t(x, y) is a degenerate type of Finsler metric that may vanish 
in certain directions y ^ 0, thus allowing for curves with positive Eu- 
clidean length but zero action. Given two sets Ai,A% C M™, we develop 
criteria under which 37* <G F^ 2 := {7 | 7 starts in A\ and ends in A2} 
such that 5* (7*) = ^{^(t) I 7 € T^}. We then study the properties 
of these minimizers 7*, and we prove the non-existence of minimizers in 
some situations. Applied to a geometric reformulation of the quasipo- 
tcntial of large deviation theory, our results can prove the existence 
and properties of maximum likelihood transition curves between two 
metastable states in a stochastic process with small noise. 
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Part I 

Results 

1 Introduction 

Geometric Action Functionals. A geometric action S is a mapping 
that assigns to every unparameterized oriented rectifiable curve 7 in R n a 
number 5(7) G [0, 00). It is denned via a curve integral 

5( 7 ) := / £(z,dz) := [ l £(cp,<p')da, (1.1) 

where </?: [0,1] — > M. n is any absolutely continuous parameterization of 7, 
and where the local action £ G C(M n x R n , [0, 00)) must have the properties 

(i) Vx,y G R n Vc > 0: £(x,cy) = c£(x,y), 
(it) for every fixed x G M n the function ^(x, • ) is convex. 

While (i) guarantees that the second integral in (1.1) is independent of the 
choice of 99, (ii) is necessary to ensure that S is lower semi-continuous in a 
certain sense. A trivial example is given by £(x,y) = \y\, in which case S(j) 
is just the Euclidean length of 7, or more generally, by £(x,y) = \y\ gx for 
any Riemannian metric g. In fact, £ generalizes the well-studied notion of a 
Finsler metric [1] in that (a) £ only needs to be continuous (no smoothness 
required), and more importantly (b) £ 2 need not be strictly convex. 

Now given two sets A±,A2 C M n , in this work we develop criteria under 
which there exists a minimum action curve 7* leading from A\ to A2, i.e. 
under which 37* G := {7 | 7 starts in A\ and ends in A2} such that 

5(7*) = inf 5( 7 ). (1.2) 

We then prove properties of the minimizer 7* without knowing it explicitly. 

Although our existence results can certainly be applied to the exemplary 
local actions given above, the present work was primarily motivated by a 
recently emerging problem from large deviation theory that is adding a 
considerable layer of difficulty: In contrast to usual Finsler metrics, in this 
example £(x, y) vanishes in some direction y = b(x) 7^ 0, which allows for 
curves 7 (the flowlines of the vector field b) with positive Euclidean length 
but vanishing action S^) . 
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Figure 1: Rare noise- induced transitions from one meta-stable state to another 
(green curve) stay with high probability near the minimum action curve 7* (red). 

Example: Large Deviation Theory. Consider for some b S C 1 (M n ,]R n ) 

and small e > the stochastic differential equation (SDE) 

dXf = b(X e t ) dt + y/edWt, X% = Xl , (1.3) 

where (Wt)t>o is a Brownian motion, and where the zero- noise-limit, i.e. the 
ODE x = b(x), has two stable equilibrium points x\,x 2 6 W 1 . The presence 
of small noise allows for rare transitions from x\ to X2 that would be im- 
possible without the noise (green curve in Fig. 1), and one is interested in 
the frequency and the most likely path of these transitions. Both questions 
are answered within the framework of large deviation theory [2, 3], the key 
object being the quasipotential 

V( Xl ,x 2 )= mf S T (x), (1-4) 

where S T ( X ) = \ f \b( X ) - x\ 2 dt, (1.5) 

1 Jo 

and where C^(0, T) denotes the space of all absolutely continuous functions 
X- [0, T] -> R n fulfilling x (0) = a?i and X (T) = x 2 . 

An unpleasant feature of this formulation is that the minimization prob- 
lem (1.4) does not have a minimizer (T*,x*), the main reason being that 
by [2, Lemma 3.1] x* would need to vanish at x\ and x%, and typically also 
at some critical point along the way, and so T* would have to be (doubly) 
infinite. This is a major problem for both analytical and numerical work, 
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and so in [4, 5] the use of the alternative representation 




V(x 1 ,x 2 ) = inf 5(7) 



(1.6) 



(SDE) 



(1.7) 



which can be seen as a degenerate version of a Randers metric [1, Ch. 11]. 
The minimizer 7* of (1.6), i.e. the maximum likelihood transition curve (the 
red curve in Fig. 1), seems more feasable to exist in this formulation since 
the time parameterization has been eliminated from the problem. 

This geometric reformulation of the quasipotential generalizes also to 
other types of stochastic dynamics such as SDEs with multiplicative noise 
or continuous-time Markov jump processes [4, 5], with modified (in the latter 
case not Randers-like) local action i. It was shown to effectively remove the 
numerical difficulties [4, 5, 6, 7], and our goal in this monograph is now to 
demonstrate also its analytical advantages. 

Existence of Minimizers; the Drift Vector Field. Since minimizers 
7* of (1.2) have numerically been found to generally have cusps as they pass 
certain critical points (even in the basic case where t is given by (1.7) with 
some smooth b, see Fig. 1 or e.g. [4, Fig. 4.1]), any a priori assumptions 
on the smoothness of 7* in our existence proof would be counterproductive. 
This forbids the variational approach using the Euler-Lagrange equations 
associated to (1.2), and so instead we will opt for a lower semi-continuity 
argument. 

A first result which is relatively easy to obtain is the following (Propo- 
sition 1): // there exists a minimizing sequence (7 n )neN of (1.2) that is 
contained in some compact set K C W 1 and has uniformly bounded curve 
lengths, then there exists a minimizer 7* £ T^ 2 - in practice however, this 
criterion alone is of little use since minimizing sequences are not at our di- 
rect disposal and so their curve lengths can be hard to control. Instead, we 
would rather like to have criteria that are based on some explicitly available 
key ingredient of the local action I. What could this key ingredient be? 

An essential property of (1.7) is that i(x,y) vanishes whenever y aligns 
with b(x). In fact, such behavior is generic to large deviation geometric 
actions: For general stochastic dynamics, the drift vector field b given by 
the zero-noise limit x = b{x) is the direction which the system can follow 
without the aid of the noise (as e \ 0), and so any curve segment that 
follows a drift flowline has zero cost. 
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This observation complicates our existence proofs (which are based on 
Proposition 1) significantly, since it allows for long curves with vanishing 
or small action, and thus for minimizing sequences (7 n )neN with unbounded 
curve lengths. For this reason, the flowline diagram of the drift vector field b 
(or of a generalization thereof in the case of general geometric actions) will 
be the key object of our main criteria, Propositions 3 and 4. 

Surprisingly, the drift b is in fact all that these criteria depend on, while 
other aspects such as the nature of the noise in the case of large deviation 
geometric actions are largely irrelevant (except for the brute force estimate 
needed in Lemma 13). One may now argue that this indicates that our 
criteria may waste valuable information, potentially leaving us undecided 
where in fact a minimizer exists. However, we will give an example in which 
no minimizer exists and where the location that is responsible for this non- 
existence coincides exactly with the location where our criteria fail. This 
suggests that if our criteria fail, they do so for a reason. 

Properties of Minimum Action Curves. Then turning our attention 
to the properties of minimizers, we consider a subclass of geometric actions 
that still contains the large deviation geometric actions mentioned above. 
For our main result, suppose that the drift b has two basins of attraction 
(see e.g. Figures 1, 6 (b) or 10), and let 7* be the minimum action curve 
leading from one attr actor to the other. 

Since for the class of actions in question 7* can follow the flowlines of b 
at no cost, it is not surprising that the second ("downhill") part of 7* will be 
a flowline connecting a saddle point to the second attractor. In particular, 
the last hitting point of the separatrix is a point with zero drift (the saddle 
point). Here we prove also the non-obvious fact that also the first hitting 
point must have zero drift. In practice, such knowledge can be used either 
to gain confidence in the output of algorithms that compute 7* numerically 
(such as the geometric minimum action method, gMAM, see [4, 5]), or to 
speed up such algorithms by restricting their search to only those curves 
with these properties. 

Finally, we will demonstrate how the same result (Corollary 2) that is 
used to prove this property can also be used to prove the non-existence of 
minimizers is some situations. 

The Structure of This Monograph. This monograph is split into three 
parts: In Part I we lay out all our results on the existence of minimum 
action curves, we demonstrate on several examples how to use our criteria 
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in practice, we discuss when minimizers do not exist, and finally we prove 
the above-mentioned properties of minimum action curves. The reader who 
is only interested in gaining enough working knowledge to use our existence 
criteria in practice will find it sufficient to read only this first part. 

Part II contains essential proofs of a local existence property to which 
the global statement had been reduced in Part I. The reader who wants to 
know why the criteria in Part I work should also read this second part. 

Part III contains the proof of a very technical lemma that is needed in 
the second part in order to deal with curves that are passing a saddle point. 
The reader can decide to skip this part without losing much insight. 

Notation. For a point x G M n and a radius r > we define the open and 
the closed balls 

B r (x) := {w G M n | \w—x\ < r} and B r (x) := [w G E" | \w-x\ < r). 

Similarly, for a set A C W 1 and a distance r > we define the open and the 
closed neighborhoods N r (A) and N r (A) as 

N r (A):={w G M. n | dist(w;,A) < r) and N r (A):={w G M. n | dist(w;,A) < r}. 

Furthermore, we denote by A the closure of A in M. n , and by A c := M n \ A, 
A := (A c ) c and dA := A\A° the complement, the interior and the boundary 
of A in W 1 , respectively. For a point x on a C 1 -manifold M we denote by 
T X M the tangent space of M at x. 

For a function / and a subset A of its domain we denote by J\a the 
restriction of / to A, and we use notation such as / = c to emphasize that / 
is constant. Expressions of the form t con( i denote the indicator function that 
returns the value 1 whenever the condition cond is fulfilled and otherwise. 

Finally, throughout the entire paper we let D C D C M n be two fixed 
connected sets, where D is open, and where D is closed in D. An additional 
technical assumption on D will be made at the beginning of Section 3.1. 
D will serve as our state space, i.e. as the set that the curves 7 live in, and 
D will be used for an additional constraint in our minimization, i.e. we will 
in fact minimize over := {7 C D \ 7 starts in A\ and ends in A2}. (For 
simplicity we suppress the dependence of on D in our notation.) If no 
such constraint is desired, just choose D := D. The reader is encouraged to 
consider this simple unconstrained case D = D whenever on first reading he 
may feel overwhelmed by some definition or statement involving D. 



10 



Acknowledgments. The work of M. Heymann is partially supported by 
the National Science Foundation via grant DMS-0616710. I want to thank 
Weinan E, Gerard Ben Arous, Eric Vanden-Eijnden, Lenny Ng, Marcus 
Werner and Stephanos Venakides for some useful suggestions and comments. 

1 also want to thank the Duke University Mathematics Department and in 
particular Jonathan Mattingly and Mike Reed for providing me with the 
inspiring environment and the freedom without which this work would not 
have been possible. 

2 Geometric Action Functionals 

2.1 Rectifiable Curves and Absolutely Continuous Functions 

An unparameterized oriented curve 7 is an equivalence class of functions 
if G C([0, T\,D), T > 0, that are identical up to continuous non-decreasing 
changes of their parameterizations, or more formally, whose Frechet distance 
to each other vanishes. In this paper we will tacitly assume that all our curves 
are unparameterized and oriented. 

A curve 7 is called rectifiable [8, p. 115] if for some (and thus for every) 
parameterization p> G C([0,T], D) of 7 we have 

TV 

length(7) := length^) := sup V] Wfa) ~ <P{U-l)\ < °o- 

0=t <-<t N =T % ~ L 

It is easy to see that length(<^) is in fact the same for any parameterization 
<p of 7, and that it is finite if and only if all the component functions of <p 
are of bounded variation [8, Thin. 3.1]. We will denote the set of rectifiable 
curves by T. 

A function ip: [0, T] — > D is said to be absolutely continuous [8, p. 127] 
if for every e > there exists a 5 > such that for any finite collection of 
disjoint intervals U) C [0, T], i = 1, . . . , N, we have 

N N 
i=l i=l 

We will denote the space of absolutely continuous functions with values in 
our fixed set D by C(0, T). One can show [8, Prop. 1.12(h) and Thm. 3.11] 
that a function tp is in (7(0, T) if and only if there exists an L 1 -function 
which we denote by ip' such that ip(t) = (p(0) + J Q * (p'(r) dr for Vt G [0, T]. In 



11 



that case, ip is differentiable in the classical sense at almost every t G [0, T], 
with derivative (p'(t). 

Clearly, every function p> G (7(0, T) describes a rectifiable curve 7 since 
for every partition = to < ■ ■ ■ < = T we have 

N N , rT 

< 00, 



£>(ti)-¥>(ti-i)| 



rU-i 








Jti 





and it is not hard to show [8, Thm. 4.1] that length^) = Jq T |<//| (it. The 
reverse is not true: Not every function ip that describes a rectifiable curve 7 G 
r is necessarily absolutely continuous (a counterexample can be constructed 
using the Cantor function [8, p. 125]). However, we have the following: 

Lemma 1 (Parameterization by arclength). (i) Any curve 7 G T can be 
parameterized by a unique function <^ 7 G (7(0, 1) with \p'^\ = length^) a.e.. 

(ii) If p G (7(0, T) is any absolutely continuous parameterization of 7 then 
<p = p-f o f3 for some absolutely continuous function {3: [0, T] — > [0, 1], and 
we have p' = (up' o /3) • ft' and f3' > a.e. on [0, 1]. 

Proof, (i) This is a trivial modification of [8, p. 136]. 

(ii) In the proof in [8, p. 136] it is shown that for any parameterization 
ip G <7([0,T],L>) of 7 the function p 1 fulfills p{t) = y> 7 (/3(t)) for Vt G [0,T], 
where (3: [0,T] -> [0,1] is defined by f3(t) := length {<p\[o,t])/ length (7). For 
any collection of disjoint intervals [tj-i, tj) C [0, T], i = 1, . . . , N, we have 

N N 

£ (/?(**) - /?(**-!)) = j^^E^H*^,*]) 

= ii^hwg -P E 1^4)^(4-01 

f i— **<-.-<:«< -f- 
. N Mi 

sup ••• sup yzyz \^p{sD - pisi^i, 



length(7) Ml&] MjvGN 



*o=sS<-<si fl =ti tiv-i=s«<---<4 v /jv =t 



=1 k=l 



N 



and since for p G C(0, T) the last double sum can be made arbitrarily small 
by ensuring that J2iLi Y^k=i( s k ~ s k~\) = Si=i(*i _ U-i) is sufficiently 
small, this shows that (3 is absolutely continuous. Clearly, (3' > a.e. since 
(3 is non-decreasing, and for Vt G [0, T] we have 

p'dr = ip(t) - p(0) = y> 7 (/3(t)) - ¥> 7 (/3(0)) 
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Pit) ft 

13(0) JO 

(for the last step, see [8, p. 149, Ex.21]), which implies that <p' = (ip 1 o j3) ■ f3' 
a.e. on[0,T]. □ 

The following lemma is a result on the uniform convergence of absolutely 
continuous functions. We will use the notation ip C G (for a function ip G 
(7(0,1) and a set G C M n ) to indicate that <p(a) G (7 for Vq G [0,1]. 
Similarly, for a curve 7 G T we write 7 C G to indicate that (p~ C (7. 

Lemma 2. (i) If a sequence (</? n )neN C (7(0, 1) fulfills p n C K for Vn G N 
and some compact set K C D, and if 

M := sup ess sup I (^4 (a) I < 00, (2-1) 

nGN ae[0,l] 

then there exists a uniformly converging subsequence. 

(ii) If a sequence (p n )neN C (7(0,1) fulfilling the conditions of part (i) con- 
verges uniformly then its limit ip is in (7(0, 1) and fulfills \(p'\ < M a.e.. 

Proof, (i) The sequence (</? n )neN is equicontinuous since by (2.1) we have 



l^n(ai) - ^n(«o)| 



ttl 



< / |y>JJ da < M{a\ — «o) 



for ao < a i an d G N, and so we can apply the Arzela-Ascoli theorem. 

(ii) By the same estimate, for any collection of disjoint intervals [aj_i,aj) 
C [0, 1], i = 1, . . . , N, we have 

TV N N 

E\tp{a.i) - p(oi_i)| = lim V] |</?n(a0 - ¥>n(ai-i)| < MVVaj - «j_i). 

j=l i=l i=l 

This shows that </? is absolutely continuous, and (taking N = 1 and recalling 
that ip' is the classical derivative a.e.) that \<p'\ < M a.e.. Since K is compact 
and <p n a K for Vn G N, we have p <Z K <Z D and thus p> E C(0,1). □ 



Curves that pass points in infinite length. Sometimes we will have to 
work with curves that do not have hnite length (i.e. that are not rectifiable). 
We denote by (7(0,1) D (7(0,1) the space of all functions in C([0,1],D) 
that are absolutely continuous in neighborhoods of all but at most finitely 
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many a, G [0, 1] , and we denote by f D T the set of all curves that can be 
parameterized by a function (p G C(0, 1). 

Note that for \/ip G (7(0, 1), tp' is still defined a.e., but one can see that for 
these exceptional values Oj we have Jj l ^ a ._ £ a . +e j l^'l da = oo for Ve > 0. 1 

We therefore say that the curve 7 G T given by ip "passes the points ip(ai) 
in infinite length. " 

Of particular use in our work is, for fixed x G D, the set T(x) of all 
curves that are either of finite length (i.e. rectifiable) or that pass x once 
in infinite length (note that V C T(x) C T). More precisely, these are the 
curves that can be parameterized by functions in the set C(x), which we 
define to be the set of functions ip G C([0, 1], D) such that 

either <p G (7(0, 1), 

or <p{\)=x, 

and ^|[o,i/2-a] an d V 3 1 [1/2+0,1] are aDS - cont. for Va G (0, |). 

See the end of this section and Fig. 2 for an illustration of these classes of 
curves. 

In preparation for Lemma 3, which is the equivalent of Lemma 2 for se- 
quences of functions in C(x), we introduce the following notation: For a 
curve 7 and a point x we say that 7 passes x at most once if for any param- 
eterization <p G (7([0, 1]) of 7 we have 

(30 < ot\ < a 2 < 1 : ¥>(ai) = ¥?(a 2 ) = x ) ^ ^ Q e [ a i) Q 2] : V 3 ! ) = x - 

(2.2) 

For a Borel set E <Z D and a curve 7 G T we define 

length (7 |s) := J t z< z E \dz\ = j l^'ll^gs da G [0, 00] 
for any parameterization ip G (7(0, 1) of 7. 

Lemma 3. Let x G D, let the sequence (7 n )neN C r(rc) fulfill j n C If /or 
vn G N and some compact set K C D, suppose that every curve ^ n passes x 
at most once, and suppose that there exists a function rj: (0, 00) — > [0, 00) 
such that 

Vra G N Vn > : length ( 7n |^ (a;)c ) < v (u). (2.3) 

Then there exist parameterizations (p n G C(x) of the curves j n such that a 
subsequence (ip nk )k£N converges pointwise on [0, 1] and uniformly on the sets 

1 The key argument for this can be found at the end of the proof of Proposition 4. 
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f(x) 






Figure 2: Illustration of the various classes of curves. 



[0, 2 — a]U[!+a, 1], aG (0, \). The limit (p is in C {x) , and the corresponding 
curve 7 G F(x) fulfills 

Vu>0: length (7^)0) < r/(«). (2.4) 

Proof. See Appendix A.l. This proof uses Lemma 5 (i). □ 

Introducing some final notation, for two sets Ai, A 2 C D we write 

:= {7 G T J 7 C D, 7 starts in Ai and ends in A2}, 
C^(0, 1) := G (7(0, l)|pCA p(0) G A 1; p(l) G A 2 }, 

and for two points x±,X2 G -D we similarly define and C^(0, 1). The sets 
fj, <?£(0,1), f^, (7^(0,1), f^J(x) and Cjj*(a;) are defined analogously. 



Summary of the various classes of curves (see Fig. 2). All curves 
are unparameterized and oriented, and they may have loops and cusps. The 
class r contains only curves with finite length, while curves in T D T may 
reach and/or leave finitely many points in infinite length, also repeatedly. 
For some fixed x G D (marked by the cross), T(x) contains all of T, plus all 
the curves that pass x once in infinite length; they cannot pass any other 
point in infinite length, and they cannot pass x twice in infinite length. The 
sub- and superscripts x\ and X2 or A\ and A2 add constraints to the start 
and end points of these functions and curves and require them to take values 
in D. 



15 



2.2 The Class Q of Geometric Actions, Drift Vector Fields 



In this section we will define the class Q of geometric action functionals, 
and we will generalize the concept of a "drift vector field" b(x) from the 
large deviation geometric action of the SDE (1.3), given by (1.7), to general 
geometric actions S G Q. 

Definition 1. We denote by Q the set of all functionals S: V — > [0, oo] of 

the form 

S(j) := [ £(z,dz) := [ £(<p,<f/)da, (2.5) 
J j Jo 

where ip G C(0, 1) is an arbitrary parameterization 0/7, and where the local 
action I G C{D x W 1 , [0,oo)) has the following properties: 

(i) V.x G D My G W 1 Vc > 0: £(x, cy) = c£(x, y), 

(ii) for every fixed x G D the function £(x, ■ ) is convex. 

For if G (7(0,1) we will sometimes use the notation S(ip) := J £(ip, ip')da, 
and for any interval [01,02] C [0,1] we will denote by S{ip\^ ai ^) := 
J^ 2 £(ip, <p') da the action of the curve segment parameterized by <p\[ ai:0 , 2 ]- 

As we will see next, (i) is needed to show that (2.5) is independent of the 
specific choice of ip, while (ii) is essential to show that S is lower semi- 
continuous in a certain sense (Lemma 5). Observe also that (i) implies that 
t(x,0) = for Vx G D. 

Lemma 4. Functionals S G Q and their local actions £(x, y) have the fol- 
lowing properties: 

(i) 5(7) is well-defined, i.e. (2.5) is independent of the specific choice of (p. 

(ii) For V compact K C D 3c\ = c\{K)>Q \/x G K My eK" : £(x, y) <ci|y|. 
In particular, we have for V7 G T with 7 C K : S(j) < c\ ■ length^). 

Proof, (i) Given a curve 7 G T and any parameterization ip G C(0, 1) of 7, 
we use the representation ip = y? 7 o f} of Lemma 1 (ii) and Definition 1 (i) to 
find that 

%, if/) da = f o /3, y o p)tf) da 

Jo 

£(p^o(3,ip'o(3)f3'da= [ e(<p^<pL)dp, 

Jo 

where the last step follows again from [8, p. 149, Ex.21]. By the uniqueness 
of 9? 7 , the right-hand side only depends on 7. The proof for general curves 
7 G r is based on the same calculation. 
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(ii) Given any K, set c\ := l+max^g^ ,\y\=\ ^( x > V) > Oj use Definition 1 (i) to 
show that l(x, y) = \y\(.(x, A J < c\\y\ for Vy 7^ 0, and recall that i{x, 0) = 0. 

In particular, if ip G C(0, 1) is a parameterization of some 7 £ T with 7 C isT 
then £'(7) = Jq 1 if') da < c\ J \ip'\ da = c\ • length^). □ 

Lemma 5 (Lower semi-continuity). For VS* G Q we have the following: 

(i) If a sequence ((p n )neN C (7(0,1) fulfilling (2.1) /ias a uniform limit 
<p G C(0, 1) then liminf n _ > . 00 S(ip n ) > S(ip). 

(ii) The limit 7 constructed in Lemma 3 fulfills liminfj^oo S*(7 n ) > S^). 
Proof. See Appendix A. 2. □ 

Definition 2. Let S G Q. A vector field b G C^AIR") ^ called a drift of S 
if for V compact K C D 3c 2 = c 2 (K) > Vx G K \/y G M n : 

^(x,y)>P2(|6(z)||y|-(6(x),y)). (2.6) 

The right-hand side of (2.6) is a constant multiple of the local large 
deviation geometric action (1.7) of the SDE (1.3) with drift b(x) and homo- 
geneous noise, and thus we see that for the geometric action associated to 
(1.3), the vector field b(x) in (1.3) is clearly a drift also in this generalized 
sense (take c 2 = 1). The inequality (2.6), which will only be used in the key 
estimate Lemma 26 and its weaker version Lemma 16, effectively reduces 
our proofs for an arbitrary action S G Q to the case of the action given by 
(1.7), and it is ultimately the reason why the conditions of our main criteria, 
Propositions 3 and 4, solely depend on the drift and not on any other aspect 
of the action S. 

The drift vector field b(x) in Definition 2 is not a uniquely defined object: 
If b is a drift of some action 5 G Q and if j3 G C 1 (L>, [0, 00)) then /3-b is a drift 
of S as well (with modified constants c 2 ), and in particular the vector field 
b(x) = is a drift of any action S G Q. Note however that (i) if /3(x) > for 
Vx G D then the vector fields b and fib have the same flowline diagrams, and 
we will find that our criteria will not distinguish between these two choices; 
(ii) if on the other hand /3(x) = and b(x) 7^ for some x G D then the 
flowline diagrams of b and (3 ■ b are different, and our criteria may only apply 
to b but not to /3-b. In general, a good choice for the drift (i.e. one that lets 
us get the most out of our criteria) will be one with only as many roots as 
necessary. 
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Definition 3. For a given vector field b G C 1 (D,]R n ) we define the flow 
tp G C 1 (D x M, D) as £/ie unique solution of the ODE 

d t i>{x,t) =b(iP{x,t)) for x£D,t£R, 
i/j(x,0) = x for x G D. 

By a standard result from the theory of ODEs [10, §7.3, Corollary 4], our 
regularity assumption on b implies that the solution ip(x,t) is well-defined 
locally (i.e. for small i), unique, and C 1 in (x, t). However, since b will always 
play the role of a drift, we may assume that ip{x, t) is in fact defined globally, 
i.e. for Vi G R: Indeed, if this is not the case then we can instead consider 
the modified drift /3 • b, for some function (3 G C l (D, (0, oo)) that vanishes 
so fast near the boundary dD that the associated flow ip only reaches dD 
in infinite time (i.e. ifj(x,t) is defined for \/(x,t) G D x M), and the only 
aspect of the flow that will be relevant to us (the flowline diagram) remains 
invariant under this change. 

Finally, recall that under this additional assumption we have ip(^(x, t), s) 
= ip{x, t + s) and «9 t V^(x, t) = Vb(ip(x, t)) for Mx G D and Vi, s£l, 

A special role in our theory will be played by so-called critical points. 

Definition 4. For a given S G Q with local action £(x,y), a point x G D is 
called a critical point if \/y G M. n : £(x, y) = 0. 

2.3 The Subclass H of Hamiltonian Geometric Actions 

We will now consider a particular way of constructing a geometric action 
from a Hamiltonian H(x,9), which was introduced in [4] in the context of 
large deviation theory. 2 

Lemma 6. Let the Hamiltonian H G C(D x M n ,M) fulfill the assumptions 
(HI) Vx G D: H(x,0) < 0, 

(H2) the derivatives Hg and Hgg exist and are continuous in (x,9), 

(H3) V compact K CD 3m K >0 VxGif Vfl,£GlR n : {£,H gg (x,0)£) > m K \£\ 2 . 

Then the function I: D x W 1 — > [0, oo) defined by 

£(x,y) := max{(y,#) \0 G R n , H(x,0) < 0} (2.8a) 
= max{(y,#) \0 G R n , H(x,8) = 0} (2.8b) 

has the properties of Definition 1, and so it defines a geometric action S G Q. 

2 This paper also proposed an efficient algorithm (called the geometric minimum ac- 
tion method, or gMAM) for numerically computing minimizing curves of such geometric 
actions. 
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Proof. The sets L x := {8 G M n | -ff (x, 8) < 0} are bounded, in fact uniformly 
for all x in any compact set K C D, since for \/x £ K \/8 £ L x 38 £ M. n : 

> H(x,8) = H(x,Q) + (H g (x,0),9) + \{d,H ee {x,0)6) 

> -max|fT(a;,0)| - max \H e (x, 0)1 • \8\ + ±m/d6>| 2 . (2.9) 

This shows that £ is finite- valued, and since G L x by (HI) we have ^(x, y) > 
(y,0) = for Vy G M n . The fact that the representations (2.8a) and (2.8b) 
are equivalent is obvious for y = 0; for y ^ observe that for \/8 G M n 
with H(x,8) < the boundedness of L x implies that there 3c > such 
that H(x,8 + cy) = 0, and (y,8 + cy) > (y,8). The relation £(x,cy) = 
c£(x, y) for Vc > is clear, and £(x, ■ ) is convex as the supremum of linear 
functions. The continuity at any point (xq, yo = 0) follows from the estimate 
£(x,y) < M\y\ for Vy G M n and all x in some ball B £ (xq) C -D, where 
M := sup{|0| | 8 G UxeB e (x ) ^^}- The continuity everywhere else will follow 
from Lemma 8 (i). □ 

Definition 5. (i) We denote the class of all Hamiltonian geometric actions, 
i.e. of all actions S constructed as in Lemma 6, by H C Q . 
(ii) We denote by T~Lq C T~L the class of all geometric actions S £% that are 
constructed from a Hamiltonian H which fulfills the stronger assumption 

(HI') Vx G D: H(x,0) = 0. 

Note that since I depends on H only through its 0-level sets, different 
Hamiltonians H can induce the same geometric action S G %. In particular, 
for V/3 G C(D, (0, oo)) the Hamiltonians H(x, 8) and f3(x)H(x, 8) induce the 
same action S. The next lemma shows how Definition 4 can be expressed 
in terms of H, and that Assumption (HI') does not depend on the choice 
of H. 

Lemma 7. Let S G H, and let H be a Hamiltonian that induces S. 

(i) A point x G D is critical if and only if 

Hg(x,0)=0 and H(x,0)=0, (2.10) 

and in that case (2.10) holds in fact for every Hamiltonian that induces S. 

(ii) \Jx£D: (H(x,0)=0 ^ 3y G R n \ {0} : £(x,y)=0). In particular, 
if some H inducing S fulfills (HI') then all of them do. 

Proof. See Appendix A. 3. For part (ii) see also Fig. 3 (b). □ 
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Figure 3: (a) Illustration of (2.8a)-(2.8b) and (2.11)-(2.12), for fixed x € D and 
y e R" \ {0}, in the case H(x,0) < 0. (b) If H(x,0) = and if y aligns with 
Hg(x, 0) then we have i? = 0. 



To actually compute £(x, y) from a given Hamiltonian H, and for many 
proofs, the following alternative representation of i is oftentimes useful. It 
can be derived by carrying out the constraint maximization in (2.8b) with 
the method of Lagrange multipliers. 

Lemma 8. (i) For every fixed x G D and y £ M. n \ {0} the system 

H (x,-d) = \y, H(x,-d) = 0, A>0 (2.11) 

has a unique solution y), X(x, y)), the functions •& : Dx(l"\{0}) — > M. n 
and A: D x (R n \ {0}) — > [0, oo) are continuous, and the function I defined 
in (2.8a) can be written as 

[o ify = o. 

(ii) If S (z H is induced by H then a point x £ D is critical if and only if 
By ^ 0: X(x, y) = 0. In that case, we have in fact X(x, y) = for Vy 7^ 0. 

Proof. See Appendix A. 4. □ 

See Fig. 3 (a) for a geometric interpretation of (2.8a)-(2.8b) and (2.11)- 
(2.12): By Assumption (H3) the function H{x, ■ ) and thus also its 0-sublevel 
set {9 £ W 1 1 H(x, 9) < 0} is strictly convex, and by Assumption (HI) it 
contains the origin. The maximizer in (2.8a), 9 = #(a;,y), is the unique 
point on its boundary where the outer normal aligns with y, and the local 
action £(x,y) is \y\ times the component of i9(x,?/) in the direction y. 

The following lemma provides a quick way to obtain a drift for any 
Hamiltonian geometric action. 
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Lemma 9. If S £ H is induced by H then b(x) := Hg(x,0) fulfills the 
estimate in Definition 2, and thus if b is C 1 then it is a drift of S. We call 
a drift obtained in this way a natural drift of S. 

Proof. Let b(x) := Hg(x,0), and let K C D be compact. Define a := 
swp x( z K \b{x)\ and c 2 := [2 + sup {\He (x, 0)\ \ x £ K, \9\ < a}]" 1 £ (0, |], 
and let x £ K and y £ M. n . 

If y = then (2.6) is trivial since both sides vanish. Also, if y ^ and 
X(x, y) = then by Lemmas 8 (ii) and 7 (i) we have b(x) = 0, so (2.6) is 
trivial again. Therefore let us now assume that y ^ and that \(x,y) > 0. 

Setting #o := c 2 ( ~ b( x ))i a Taylor expansion of H(x,9o) around 

9 = gives us a 9' on the straight line between and 9q (thus fulfilling 
\0'\ < \9 \ < 2c 2 |6(x)| < 2ac 2 < a) such that 

H(x, 9 ) = H(x, 0) + (H e (x, 0) A} + l(9 ,H ee (x, 9')9 ) 
<0 + (b(x),9 ) + lc^ 1 \9 \ 2 
= (b{x) + \c 2 1 9 G ,9 ) 
= {\(}^y + Kx)),c^y-b{x))) 
= \c2(\^y\ 2 -\b{x)?)=u. 

Another Taylor expansion, this time around 9 = $ := i9(x,y), now gives us 
a 9" such that 

> H(x,9 ) 

= H(x, 0) + (H (x, 0), 9 - 0) + ±(0 O - 0, H ee (x, 9")(9 - 0)) 
>0 + \(x,y){y,9 -#) + 0, 

where we used both equations in (2.11), and Assumption (H3). Since 
X(x, y) > 0, this implies that 

£(x,y) = (0,y) > (9 ,y) = c 2 (^y - b{x),y) = c 2 {\b(x)\\y\ - (b(x),y)). 

□ 

Note that since there is not a unique Hamiltonian associated to S, there 
is not a unique natural drift either; in particular, the remark following Defi- 
nition 5 implies that with b also j3b is a natural drift for V/3 £ C 1 (Z?, (0, oo)), 
with the same flowline diagram. The next remark shows that for actions 
S £ H.Q in fact every natural drift has the same flowline diagram. 
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Remark 1. For S 6 TLq we have the following: 

(i) All natural drifts b share the same roots since by Lemma 7 (i) and (HI') 
we have b(x) = if and only if x is a critical point. In particular, this means 
that natural drifts are optimal in the sense that by (2.6) they only vanish 
where necessary. 

(ii) At non- critical points x, the direction y := 51 is the same for every 
natural drift b, since Lemma 17 (i)-(ii) will characterize it as the unique 
unit vector y such that £(x,y) = 0. 

Thus, for any fixed S € T~Lq all natural drifts have the same flowline diagram. 

In contrast, for actions S £ TL \ TLq the natural drift is not always the 
optimal choice: In Examples 2 and 3 below the natural drift will even turn 
out to be the trivial (and thus useless) drift 6 = 0. (See Example 10 in 
Section 3.4.3 for how to find a better one.) 

Finally, the next lemma states the key property of Hamiltonian geometric 
actions in particular in the context of large deviation theory: It shows how a 
double minimization problem such as (1.4)-(1.5) can be reduced to a simple 
minimization problem over a Hamiltonian geometric action. 

Lemma 10. Let H be a Hamiltonian fulfilling (Hl)-(HS), and define for 
VT > the functional St - C(0,T) — > [0, oo] by 

St(x) ■= / L(x,x)dt, where (2.13) 

Jo 

L(x, y) := sup ((y, 9) - H(x, 6)) for VxGD Vy G R n (2.14) 



is the Legendre transform of H(x, ■ ). Then for Wli, C D we have 



inf S T ( X ) = inf 5( 7 ), (2.15) 
x eC^ 2 (o,T) A i 



where S G TL is the geometric action induced by H . 

Proof. Using the bijection (T, x) ^ (7) T, [3) given in Lemma 1 (ii) that 
assigns to every x £ C(0,T) its curve 7 € T and its parameterization /3 £ 
C([0, T], [0, 1]) via the relation x = ^7 P, we have 

inf S T ( X )= inf inf S T (^ o 0) = inf 5(7), (2.16) 
x eC^ 2 (o,T) 7fei - 4 i/3eC([o,T],[o,i]) 7fc A i 
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where the functional 



5(7):= mf Srfayop) 
0eC([o,T],[o,i]) 

was found in [4] to have the integral representation (2.5) with the local action 
given by (2.8a)-(2.8b) and (2. 12). 3 □ 

We conclude this section with three examples of Hamiltonian geometric 
actions. 



Example 1: Large Deviation Theory. Stochastic dynamical systems 
with small noise parameter e > often satisfy a large deviation principle 
whose action functional St is of the form (2.13)-(2.14). Examples include 
(i) stochastic differential equations (SDEs) in W 1 [2] 

dXf = b(Xf) dt + y/ea(Xf) dW t , X £ = x u (2.17) 

where b(x) is the drift vector field and cr(x) is the diffusion matrix of the 
SDE, and (ii) continuous-time Markov jump processes in M n [3] with jump 
vectors ee^ G W 1 , i = 1, . . . , N, and corresponding jump rates e~ 1 Vi(ex) > 0. 
Here we assume that b, A := aa T and V{ are C 1 functions, and that for each 
fixed x G D, A(x) is a positive definite matrix. The Hamiltonians used in 
(2.13)-(2.14) to define S T are 

H(x,6) = {b(x),e) + ±{e,A(x)9), (SDE) (2.18a) 

N 

H(x, 6) = n{x) (e {et ' e) - l) . (Markov jump process) (2.18b) 

i=l 

The central object of large deviation theory for answering various questions 
about rare events in the zero-noisedimit e — > 0, such as the transition from 
one stable equilibrium point of b to another, is the quasipotential V(xi, ab- 
originally defined by (1.4) using the above choice of St, Lemma 10 allows 
us to rewrite it as 

V(x u x 2 )= inf 5(7), (2.19) 
7er^ 

where S G Ho is the Hamiltonian geometric action defined via (2.8a)-(2.8b), 
or equivalently, (2.11)-(2.12). The minimizing curve 7* in (2.19) (if it exists) 
can be interpreted as the maximum likelihood transition curve. 

3 At the beginning of [4], additional smoothness assumptions on H were made, but they 
do not enter the proof of this representation. 
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In the SDE case, (2.11) can in fact be solved explicitly: Using for any pos- 
itive definite symmetric matrix M the notation (w\, W2) M ■= (wi,Mw2) and 
\ w \m := ( w i w )mi the solution of (2.11) is given by A = \b{x)\ A{x) -i /\y\ A{x) -i 
and -i? = A(x)~ 1 (Xy — b(x)), and so we obtain the local geometric action 

£(x,y) = \b(x)\ A -i {x) \y\ A - Hx) -(b(x),y) A - 1{x) . (SDE) (2.20) 

For Markov jump processes no explicit expression for £(x, y) exists. 

Finally, we observe that in the SDE case (2.18a) the expression Hg(x,0) 
for the natural drift given in Lemma 9 indeed recovers the given vector field 
b(x), while in the case (2.18b) of a Markov jump process we obtain the 
zero-noise-limit of Kurtz's Theorem [3], i.e. 

N 

b{x) = v i{ x ) e i ■ (Markov jump process) 
i=i □ 

Example 2: Riemannian metric. Suppose that A £ C(D,M. nxn ) is a 
function whose values are positive definite symmetric matrices A(x), and 
that the metric g is defined by {yi,y2) gx '■= {yi, A(x)y2) for Vj/1,1/2 G 
where the second scalar product is just the Euclidean one. Then the action 
S 6 Q given by 

£(x,y) = \y\ gx (2.21) 

is a Hamiltonian action, S EH\ Ho, with associated Hamiltonian 

H(x,9) = \9\ 2 g -i ~ 1) (Riemannian metric) 

where the metric g~ l is defined as above using the matrices A(x)~ 1 instead 
of A(x). Indeed, as one can easily check, for this choice of H the equations 
(2.11) are fulfilled by A = 2/\y\ gx and 1? := A(x)y/\y\ gx , and thus the local 
geometric action defined in (2.12) yields (2.21). 

Note that the natural drift for this Hamiltonian is b(x) = 0. As we 
shall see however, this will be made up for by the fact that H(x,0) < for 
Vx G D, see Proposition 2 and Example 10 in Section 3.4.3. □ 

Example 3: Quantum Tunnelling. The instanton by which quantum 
tunnelling arises is the minimizer 7* of the Agmon distance [9, Eq. (1.4)], 
i.e. of (2.19), where S € Q is given by the local action 

£(x,y) = v / 2U(x)\y\. (2.22) 
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Here, x\ and X2 are the minima of the potential U G C(D, [0,oo)), and it is 
assumed that U(x\) = U(x2) = 0. 

If U did not have any roots then this would be a special case of Exam- 
ple 2, with A(x) := 2U(x)I, which leads us to the Hamiltonian H(x,9) = 
\9\ 2 /(2U(x)) — 1. According to the remark following (2.11), we can multiply 
H by the function U(x) without changing the associated action, and so we 
find that (2.22) is given by 

H(x,9) = 7}\0\ 2 — U(x). (quantum tunnelling) 

We can now check that this choice in fact leads to (2.22) even if U does 
have roots (with A = y/2U(x)/\y\ and $ = y/2U(x) y/\y\), and so we have 
S G % \ 7~Lq. Again, the natural drift is b{x) = 0. □ 

3 Existence of Minimum Action Curves 
3.1 A First Existence Result 

Definition 6. (i) For a given geometric action S G Q and two sets A±,A2 C 
D we denote by P(A\, A2) the minimization problem inf a 2 S("f). For two 

points X\,X2 G D we write in short P(x\,X2) := P({xi}, {^2}). 

(ii) We say that P{A\,A2) has a strong (weak) minimizer if 3j* G 
(7* G f^) S uch that 

S^) = inf 5( 7 ). 

(Hi) We say that (j n ) n eN C r^ 2 is a minimizing sequence of P(Ai, A2) if 

lim 5(7 n ) = inf 5(7). 
7 er^ 

Recall that (by our definition at the end of Section 2.1) the class of curves 
only contains curves that are contained in D, and so P^Ax^A^) is the 
problem of finding the best curve leading from A\ to A2 in D . To avoid that 
this additional constraint negatively affects our construction of minimizers 
by forcing us to move along curves whose lengths we cannot control, we have 
to require some regularity of D: For the rest of this paper we will make the 
following assumption. 
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Assumption: The set D has the following property: 
(D) Vx G -D W > 3r > Vu> G B r (x) n D 3 7 G r™ : length^) < i/. 

This assumption says that nearby points in D can be connected by short 
curves in D. Using a compactness argument, it also implies that any two 
points in D can be connected by a rectifiable curve 7 C D, which by Lemma 
4 (ii) (with K := 7) has finite action. In particular, any (weak or strong) 
minimizer must have finite action. 

The next lemma gives some sufficient (but by no means necessary) con- 
ditions that can help to prove the Assumption (D) for a given set D of 
interest. 

Lemma 11. If D = D, or if D = U2=i A f or some sets D\, . . . , D m C D 
that are convex and closed in D, then the Assumption (D) is fulfilled. 

Proof. Let x G D and v > 0. If D = D then we can choose r G (0, v\ so 
small that B r (x) C D, and for any w G B r {x) n D = B r (x) we can let 7 
be the straight line from x to w. Then we have 7 C B r {x) C D and thus 
7 G r^, and furthermore length( 7 ) = \w — x\ < r < v. 

If D = lL=i f° r some sets Di that are convex and closed in D, let 
I := {i\x e D{} 7^ and choose r G (0, u] so small that B r (x) C -D\U«^7" -^i- 
Then we have B r (x) D D = [XLi(B r (x) n A) = Uie/(^( 3; ) n A), and so 
for \/w G B r (x) (~) D 3i £ I such that it) is in the convex set D^. Since also 
x G Di, the straight connection line 7 from x to w fulfills 7 C A C and 
thus 7 G r^, and again we have length^) = \w — x\ < r < v. □ 

The following lemma explains why in Definition 6 we do not distinguish 
between minimizing over and over f^- 

Lemma 12. For any geometric action S G Q and any two sets A\, A2 C D 
we have 

inf 5( 7 ) = inf 5( 7 ). (3.1) 

Proof. The inequality ">" is clear since T A ^ C f^ 2 - To show also the 
inequality "<" , let any 7 G T^ 2 and e > by given. We must construct a 

curve 7 G with 5(7) < 5(7) + e. 

To do so, let p > be so small that := N p {^) C .D, and let c\ > 
be the corresponding constant given by Lemma 4 (ii). Suppose there are m 
points along 7 that are passed in infinite length. We then define 7 G T^ 2 by 
replacing the at most 2m infinitely long curve segments preceding and/or 
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following these m points by rectifiable curves ji C D with length(7j) < 
v := min{ g^-, /o}, as given by Assumption (D). Since for every i we have 
7i C Npfi) and thus <S*(7i) < ci length^) < by Lemma 4 (ii), we have 
5*(7) < S(fy) + ^ 5'(7i) < S(fjf) + e, completing the proof. □ 

In this chapter we will explore conditions on S that guarantee the exis- 
tence of a (weak or strong) minimizer 7*. We begin with a first result that 
was already stated in the introduction. 

Proposition 1. Let S G Q, let the two sets A\, A2 C D be closed in D, and 
suppose that there exists a compact set K C D such that the minimization 
problem P{A\,A2) has a minimizing sequence (7 n )neN with jn C K for 
Vn G N and with sup neN length (7^) < 00. Then P(A±,A2) has a strong 
minimizer 7* fulfilling length(7*) < liminf, woo length ( / y n ). 

Proof. Let M' := liminf n _ >00 length(7„,), and let us pass on to a subse- 
quence, which we again denote by {^ n ) n ^, such that lim n _>.oo lengthen) = 
M' . For Vn G N, let cp n be the arclength parameterization of 7„ given by 
Lemma 1 (i), i.e. the one fulilling \<p' n \ = length(7„) a.e.. Our conditions 
on (7 n ) ne N now imply that the sequence (p n )neN fulfills the conditions of 
Lemma 2 (i), and so there exists a subsequence (<fn k )keN that converges 
uniformly to some function ip* C K C D C D which by Lemma 2 (ii) is 
in (7(0, 1). Since A\ and A2 are closed in D, we have 93* G (7^(0, 1). By 
Lemma 5 (i), the curve 7* G parameterized by fulfills 

5( 7 *) = S(<p*) < lim S(^ n J = lim S( 7n J = mf S( 7 ), 

fc— >0O K— >0O ^,p-p A 2 

A l 

i.e. 7* is a strong minimizer of P(Ai, A%). 

Finally, observe that for Ve > 3ko G N : sup fc>fco length(7„ fc ) < M' + e, 
and applying Lemma 2 (ii) to the tail sequence ((p nk )k>k we find that \(p*'\ < 
M' + e a.e. and thus length(7*) < M' + e. Since e > was arbitrary, this 
shows that length (7*) < M'. □ 

3.2 Points with Local Minimizers, Existence Theorem 

As we shall see in Theorem 1, by using a compactness argument the min- 
imization problem P{Ax^A^) can be reduced to the special case P(xi,X2) 
where x\ and X2 are close to each other. The following definition therefore 
lies at the heart of this entire work, and thus the reader is strongly advised 
not to proceed until this definition is fully understood. The illustrations in 
Fig. 4 may help in this respect. 
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Figure 4: Illustration of Definition 7. The left graphic illustrates the case D = D; 
the right graphic shows how for D C D we only need to consider points xi,X2 € D, 
and that the corresponding minimizing curve 7* is then constrained to lie within D. 
In either case, independently of x\ and X2, 7* must lie within some fixed compact 
set K C D and satisfy a length condition. 



Definition 7. (i) We say that a point x £ D has strong local minimizers if 
3r,rj > 3 compact K C D \/x±,X2 £ B r (x) n -D i/ie minimization problem 
P(x\,X2) has a strong minimizer 7* 6 T^ uirf/i 7* C -fT and length(7*) < n. 

(ii) We say that a point x S D has weak local minimizers if there exist a con- 
stant r > 0, a function iy. (0, 00) — > [0, 00) and a compact set K C D such 
that for \/xi,X2 £ B r (x)f]D the minimization problem P(xi,X2) has a weak 
minimizer 7* € T'^(x) with 7* C K and Vu > 0: length (7* \b u ( x ) c ) — v( u )- 

Observe that strong implies weak: Indeed, if x has strong local minimiz- 
ers then we can choose the function n(u) in part (ii) to be the constant 77 
given in part (i), and so x has weak local minimizers. 

It is important to understand that the only aspect of this property that 
justifies the use of the word "local" is that x\ and X2 are close to x; the cor- 
responding minimization problem P(xi,X2) still considers curves that lead 
far away from x. Thus, checking that a given point x has local minimizers 
generally requires global knowledge of £(x, y) (although an exception is given 
in Proposition 2). 

Remark 2. (i) The set of points with strong local minimizers is open in D. 

(ii) To prove that a point x E D has strong local minimizers, it suffices to 
show that for \/n > 3r > Vxi, X2 £ B r (x) n D the minimization problem 
P(xi,X2) has a minimizer 7* E with length (7*) < n. Indeed, this implies 
that 7* C B r+r] (x) n D =: K C D , and K is compact if r and rj are chosen 
so small that B r+rj (x) C D. 
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(Hi) For the same reasons, if D = M n then the requirement 7* C K in 
Definition 7 (i) may be dropped entirely since then K := B r+V (x) n D is a 
compact set with 7* C K . 

As we will see in Sections 3.3 and 3.4, showing that a given point has 
(weak or strong) local minimizers is rather easy once the flowlines of a good 
choice for the drift b(x) of S are understood. In fact, oftentimes one can 
show that every point x £ D has local minimizers. 

The following theorem which is proven at the end of this section extends 
the local property of Definition 7 to a global one by using a compactness 
argument. 

Theorem 1 (Existence Theorem), (i) Let S £ Q, let K C D be a compact 
set consisting only of points that have weak local minimizers. Let the two 
sets A\,Ai C D be closed in D, and let us assume that the minimization 
problem P(A±, A2) has a minimizing sequence (7 n )neN such that j n C K for 
Vn £ N. Then P(A\,A2) has a weak minimizer. 

(ii) If (in addition to the above conditions) all points in K have strong local 
minimizers then P(A\,A2) has a strong minimizer. 

Proof. Postponed to the end of this section. □ 

The decisive advantage of Theorem 1 over Proposition 1 is that the 
bounded-length-condition of the minimizing sequence is no longer required, 
and instead we have to show that K consists of points with local minimizers. 
The remaining condition, j n C K for vn £ N, boils down to the following 
estimate. 

Lemma 13. Let S £ Q, let K C D be compact, let A\,Ai C D, and suppose 
that there exists some curve 70 £ r^ 2 with 70 C K such that 

5( 7 o) < mf 5( 7 ), (3.2) 

i.e. no curve leading from A\ to A2 and leaving K along its way has a 
smaller action than 70. Then P(A\,A2) has a minimizing sequence (7 n )neN 
with 7„ C K for Vn £ N. 

Proof of Lemma 13. Let (7 n )neN be any minimizing sequence. If we replace 
every curve 7 n that is not entirely contained in K by 70 then because of (3.2) 
we only reduce the action. Thus we obtain a new minimizing sequence that 
is now entirely contained in K. □ 
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Example 4. In the case that A\ is bounded and S is the SDE geometric 
action given by (1.7) with a drift of the form b = —W, for some potential 
V G C 1 (IR n ,]R) with lim^-^oo V(x) = oo, it suffices in Lemma 13 to choose 
K = Br(0) for some sufficiently large R > 0. 

To see this, choose the fixed curve 70 G T^ 2 arbitrarily, and let 7 G T^ 2 
with 7 C K. Let 7' denote the curve segment of 7 until its first exit of 
.Br(O), and let xi and X2 be the start and end points of 7', respectively. 
Then we have 

S{ 1 )>S( 1 ')= [ {\VV(z)\\dz\ + (VV(z),dz)) 

> 2 f (VV(z),dz) = 2 [ dV(z) = V(x 2 ) - V(x ± ) 

> min|y(x) J \x\ = i?} — max{V(x) | x £ ^.1}, 

which can be made larger than S(jq) by choosing R large enough. □ 

Proof of Theorem 1. Although the construction for part (i) directly implies 
the statement of part (ii), we will show part (ii) separately first (since its 
proof uses a much easier argument at its end) and then extend the proof to 
cover part (i) . See Fig. 5 for an illustration of the proof of part (ii) . 

(ii) Let S G Q, and let the sets K, A\, A2 C D have the properties described 
in Theorem 1, where K only consists of points with strong local minimizers. 
For Vx G K Definition 7 (i) provides us with values r x ,r) x > and compact 
sets K x C D such that for Vxi,X2 G B rx (x) n D there exists a minimizer 
7*j X2 G of the minimization problem P(x±,X2) with r )* 1 X2 C K x and 
length(7* i ) < rj x . Since {B Tx {x) \ x G K} is an open covering of K, there 
exists a finite subcovering, i.e. there exist points x±,...,Xk G K such that 
K C Uj=i B rj (xj), where rj := r Xj . We define M := Ylj=i Vx,- 

Now let (7n)n.eN G T^ 2 be a minimizing sequence with y n C K for 
Vn G N. For each fixed n G N we will now define a modified curve 7„ by 
cutting 7 n into at most k pieces whose start and end points lie within the 
same ball, and then by replacing these pieces by the corresponding optimal 
curves with the same start and end points. 

To make this description rigorous, let the functions <£> n G C^ 2 (0, 1) be 
some parameterizations of the curves j n , and fix n G N. We then define 
(for some m < k) the numbers = ct\ < ■ ■ ■ < a m = 1, the distinct indices 
ji, ■ ■ ■ ,3m € {1, • • • , k} and finally j m+ i = j m by induction, as follows: 
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Figure 5: Illustration of the proof of Theorem 1 (ii), with D = D. Every curve j n 
of the given minimizing sequence is cut into at most k pieces whose start and end 
point is contained in the same ball B r ,(xj). Using Definition 7, these pieces are 
then replaced by new curve segments with minimal action and controllable length. 

• Let «i = 0, and let j\ be such that ip n (0) £ B r . (x^). 

• For i > 1, let aj+i := supja € [0, 1] | (p n {a) G B Tj (xjj), and let 

j i+ i be such that ip n (a i+ i) G B rj . +i (xj i+1 ) if a i+ i < 1, 
ji+i ■= ji, m:=i if a i+ i = 1. 

In other words, we split the curve j n into m pieces whose endpoints fulfill 
ipnicti), (p n (a i+ x) G B r .. (xjj for Vz = 1, . . . ,m. Since also (p n C K C £>, by 
definition of the radii rj the m minimization problems P(<p n (pii), </? n (o;j+i)) 
(i = 1, . . . , m) have strong minimizers 7* i C C D with length(7* J < 
r] Xj ., and in particular we have £"(7* J < 5 , (v 9 n|[a,, Qi+1 ])- The concatenated 
curve 7n := 7n,i H H 7n,m G r Ai tllus fulfills 

^(7n) = X>«*) <J2s(<p n \ [aitai+l] ) = S(<p n ) = 5( 7 „), (3.3) 
1=1 1=1 

m m A: 

length^) = length( 7 * i ) < ^ < = M. (3.4) 

i=l i=l j=l 

Because of (3.3), the modified sequence (7 n )neN is still a minimizing se- 
quence, and (3.4) tells us that the curves 7 n have uniformly bounded lengths. 
Furthermore, we have 7 n C U*!li K-Xj { C U_/=i K-xji which is a compact sub- 
set of D. Therefore we can apply Proposition 1 and conclude that P(A\, A%) 
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has a minimizer 7*, with 

length(7*) < liminf length (7^) < M. 

n— >oo 

(i) For this part we begin as in the proof of part (ii), by choosing a finite 
collection of balls B Tj (xj) covering K, now given by Definition 7 (ii) when- 
ever xj only has weak local minimizers. Given the minimizing sequence 
(7n)neN C r^j 2 , we cut each curve j n into smaller segments as in part (ii). 
The number of pieces m and the indices ji, ■ ■ ■ ,j m may depend on n, but 
since there are only finitely many combinations, we may pass on to a subse- 
quence (which we again denote by (7 n ) nS N), such that m and ji, ■ ■ ■ ,j m are 
in fact the same for every curve -y n . 

We then construct a new sequence (7 n )neN C f^ 2 with S^jn) < S^jn) 
for Vn G N as in the proof of part (ii), only that now if Xj i only has weak 
local minimizers then the curve segment 7* i must be obtained from Defini- 
tion 7 (ii), and so we have 7* i G T(xjJ in this case. We can assume that 
each segment 7* i visits the point Xj i at most once (otherwise we can cut 
out the piece between the first and the last hitting point of xj t , which can 
only decrease the action of the curve) . 

If Xj 1 has strong local minimizers then we can apply Lemma 2, just as in 
the proof of Proposition 1, to show that some subsequence of the arclength 
parameterizations (^> n ,i)neN C C(0, 1) of (7^i)neN converges uniformly to 
the parameterization of some 7^ 1 G T. If instead Xj l only has weak local 
minimizers then we apply Lemma 3 to show that a subsequence of some 
parameteriations (</? n ,i)ngN C C(xj t ) of (7* i) n &i converges pointwise on 
[0, 1] and uniformly on each set [0, \ — a] U + a, 1], a G (0, |), to the 
parameterization of some some 7^ x G T^J. In either case, since j* 1 cD 
for Vn G N and since D is closed in D, we have 7^ l d D. 

We repeat this procedure for Xj 2 , . . . , Xj m , each time passing on to a 
further subsequence, and in this way obtain curve pieces 7£o 1? ■ ■ ■ >7oo m 
that by construction connect to a curve 7* G f^ 2 . Using both parts of 
Lemma 5, its action fulfills 

mm m 

S(7*) =E 5, (^,i) < £ liminf 5( 7 *,i) < liminf £>( 7 *0 

i=l i=l i=l 

= liminf 5* (7„) < liminf 5(7^) = inf 5(7) = inf S(j), 

„_►«, n ^oo ^ gr A 2 7gf A 2 



where in the last step we used Lemma 12. Since 7* G f^ 2 , equality must 
hold, and so 7* is a weak minimizer. □ 
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S £ H with natural drift 6 


Prop. 2 


i(x, y) > for Vy / 


jET(a:,0) < 


Prop. 3 


i(x, y) = for some y ^ 
6(s) / 


H(x,0) = and H g (x,0) ^ 


Prop. 4 


y) = for some y ^ 
6(x) = 


F(ac,0) = and H e (x,0) = 



Table 1: The situations for which our criteria Propsitions 2-4 were designed. 



Remark 3. Denoting the minimizer by 7*, the proof implies that 

in (i), there exists a finite set W C K of points that only have weak but not 
strong local minimizer s, depending only on K but not on A\ and A2, such 
that every point that 7* passes in infinite length is in W ; 

in (ii), we have length(7*) < M, where M > is a constant only depending 
on K but not on A\ and Ai- 

Remark 4. Theorem 1 and Lemma 13 can easily be generalized to cover 
also the minimization over sets of the form 

^A 1: ...,A k '■= {7 C D I 7 visits A\, . . . , A)~ in this order} 
or F' Al A := {7 C D | 7 visits Ax, . . . , A^ in any order} 

for any given k E N and any given sets A±, . . . , A^ C D that are closed in D. 
In this case, (7 n )neN must be a minimizing sequence of the corresponding 
associated minimization problem. 

3.3 Finding Points with Local Minimizers 

This leaves us with the question how one can show that a given point x G D 
has local minimizers. We have developed three criteria, given by Propo- 
sitions 2, 3 and 4, which were designed to cover the three cases listed in 
Table 1. In the special case of a Hamiltonian geometric action S G % with 
the choice of a natural drift b(x) = Hq{x,Q), these three cases can be ex- 
pressed in terms of the Hamiltonian H associated to S. The proofs of most 
statements that are listed in this section will be carried out in Part II. 

We will from now on assume that S € Q and that b is a drift of S, and 
we will denote by ip{x, t) the flow of b given in Definition 3. Our first result 
is the following. 

Proposition 2. Let x £ D be such that £(x,y) > for My G W 1 \ {0} . Then 
x has strong local minimizers. 
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Proof. See Part II, Section 6.1. 



□ 



By Lemma 7 (ii) for actions S G "H the condition of Proposition 2 is 
fulfilled if and only if H(x, 0) < for some (and thus every) Hamiltonian 
H that induces S. Unfortunately, this means that Proposition 2 cannot be 
applied to actions S G Hq, and in particular it cannot be applied to the 
large deviation geometric actions for SDEs and for Markov jump processes, 
as given in Example 1. For actions S G rl \ %q such as the ones given in 
Examples 2 and 3, however, this criterion is essential (and the easiest one 
to use); see Example 10 in Section 3.4.3. 

To control the potential problems that can arise if £(x, y) = for some 
y 7^ 0, we now introduce the concept of admissible manifolds. Loosely speak- 
ing, an admissible manifold M is a compact C 1 -manifold of codimension 1 
with the property that the flowlines of the drift b are never tangent to M 
and always cross M in the same direction ( "in" or "out" ) . 

Definition 8. Given a vector field b G C 1 (D,W l ), a set M C D is called an 
admissible manifold of b if there exists a function fu G C(D,M) such that 

ft) M = f- 1 ({0}), 

(ii) M is compact, 

(Hi) fu is C 1 in a neighborhood of M, and 

(iv) Vx G M : (Vf M (x),b(x)) > 0. 

Property (iv) says that the drift vector field b(x) flows from the set 
f^l ((— oo, 0)) into the set /^((O, oo)) at every point of their common 
boundary M = /^({O}), crossing M at a non- vanishing angle. Note that 
M is a proper C 1 -manifold since by part (iv) we have V/m / on M. Also 
by part (iv) we have the following: 

Remark 5. If M is an admissible manifold of b then \/x G M : b(x) ^ 0. 

To get a better idea of how admissible manifolds look in M 2 , the reader 
may briefly skip ahead and take a look at Figures 6-8 on pages 40-44. There, 
the black and the blue lines are the flowlines of the vector field b(x), and 
the solid red lines are admissible manifolds. Dashed red lines are examples 
of curves that are not admissible manifolds since they are crossed by the 
flowlines in either direction (both "in" and "out"). 

A simple explicit example can be given for the drift of Example 4, i.e. if 
b = — X7V for some potential V G C^R^R) with lim^oo V{x) = oo: Here, 
the level sets M c := I/ _1 ({c}), c G R, are admissible manifolds, provided 
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that WV / on M c . Indeed, the reader can easily check that all four 
properties in Definition 8 are fulfilled, with Jm c = — V + c. 

Lemma 14 below gives the simplest general example of an admissible 
manifold, as found repeatedly in Figures 6-8: the surface of a small deformed 
ball around a stable or unstable equilibrium point. To prepare for this 
lemma, we introduce two functions f s and f u that are defined on the basins 
of attraction/repulsion of x, denoted by B s and B u , respectively. These 
functions measure the "distance" of a point w to the equilibrium point x 
in terms of the length of the flowline starting from w until it reaches x as 
t — > oo (f s ) or as t — > — oo (f u ), respectively. 

Definition 9. Let x G D be such that b(x) = and that all the eigenval- 
ues of the matrix Vfo(x) have negative (positive) real part, and let B s (B u ) 
be the basin of attraction (repulsion) of x. Then we define the function 
f s : B s ^ [0,oo) (f u : B u -»[0,oo)) by 

f'OC f'OO 

fs(w):= \b(i>(w,t))\dt= \iP(w,t)\dt, w£B s , (3.5a) 
Jo Jo 

f u (w):= \b(i;(w,t))\dt= mw,t)\dt, w£B u . (3.5b) 

J —oo J —oo 

Lemma 14. Let x G D be such that b(x) = and that all the eigenvalues 
of the matrix X7b(x) have negative (positive) real parts. Then for sufficiently 
small a > the level set := / s ~ 1 ({a}) (M" := / i 7 1 ({a})) is an admissible 
manifold. 

Proof. See Part II, Section 6.2. □ 

The following Proposition 3, which is our second criterion for showing 
that a given point x G D has local minimizers, is our first result that makes 
use of the concept of admissible manifolds. In practice this criterion covers 
most cases which cannot be treated with Proposition 2. 

Proposition 3. Let M be an admissible manifold and x G ift(M, R) Pi D. 
Then x has strong local minimizers. 

Proof. See Part II, Section 6.5. □ 

Proposition 3 says that every admissible manifold M that we find will 
give us a whole region ip(M, M.) n D of points with strong local minimizers, 
consisting of all the flowlines emanating from M. An immediate consequence 
is the following: 
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Corollary 1. Let x G D be such that b(x) = and that all the eigenvalues of 
the matrix Vb(x) have negative (positive) real parts, and denote by B s (B u ) 
the basin of attraction (repulsion) of x. Then every point in (B s \ {x}) n D 
{{B u \ {x}) n D) has strong local minimizers. 

Proof. This follows from Lemma 14 and Proposition 3 since for small a > 
we have ip(M£,R) = B s \ {x} and ip(M£,R) = B u \ {x}. (The reader who 
wants to prove these intuitive equations rigorously will find the necessary 
tools in Lemma 20.) □ 

By Remark 5, admissible manifolds cannot contain any points x with 
b(x) = 0, and thus the flowlines emanating from M cannot contain any such 
points either. As a consequence, to show that a given point x £ D has local 
minimizers, Proposition 3 can only be useful if b(x) ^ 0. For points with 
b(x) = (and in particular for the missing point x in Corollary 1) we have 
the following criterion. 

Proposition 4. Letx € D be such thatb(x) = 0, and that all the eigenvalues 
of the matrix Vb(x) have nonzero real part. Let us denote by M s and M u 
the global stable and unstable manifolds of x, respectively, i.e. 

M s := \w £ D I lim ip{w,t) = x), (3.6a) 

t— >oo 

M u :=\weD\ lim i/>(w,t) = x\. (3.6b) 

' t— >— oo 

(i) If x is an attractor or repellor of b then x has weak local minimizers. If 
in addition 

3e,c 3 >0 Vw e B E {x) D D 3j £ T™ : length^) < c 3 \w - x\, (3.7) 
Bp, c 4 , 5 > W; G B p {x) VyeM n : £(w, y) < c A \w - x\ 5 \y\, (3.8) 

then x has strong local minimizers. 

(ii) If x is a saddle point, and if there exist admissible manifolds Mi, . . . , M m 
such that 

m 

(M s UM u )\{x} c\j4>(M u R), (3.9) 
i=i 

then x has weak local minimizers. If in addition the state space is two- 
dimensional, i.e. D C M 2 , and if (3.7) -(3.8) are fulfilled then x has strong 
local minimizers. 

Proof. See Part II, Section 6.6. □ 
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The condition (3.7) on the shape of the set D near x is a stronger version 
of Assumption (D), and it is violated only in degenerate cases that are rarely 
of interest in practice. Lemma 15 (i) will give some useful criteria. The 
condition (3.8) can also easily be checked, even in the case of a Hamiltonian 
geometric action when no explicit formula for £(x,y) may be available; see 
Lemma 15 (ii). 

Lemma 15. (i) If x G D° (which is true in particular if D = D), or if 
D = Ui^Li Di for some sets D±, . . . ,D m C D that are convex and closed 
in D, then the condition (3.7) is fulfilled. 

(ii) Suppose that S € T~L is induced by a Hamiltonian H such that H( - , 0) 
and Hg(-,0) are locally Holder continuous at x. Then the condition (3.8) 
is fulfilled if and only if x is a critical point. 

Proof, (i) As in the proof of Lemma 11. (ii) See Appendix A. 5. □ 

The condition (3.9) says that every point in the stable and unstable 
manifold of x (except for x itself) has to lie on a flowline emanating from 
one of a finite collection of admissible manifolds, or equivalently, that every 
flowline in the stable and the unstable manifold must intersect one of these 
finitely many admissible manifolds. See the next section for examples. 

Finally, it should be pointed out that it is Proposition 4 (ii) that is 
responsible for the excessive length of our proofs (and in particular for all 
of Part III). In particular, a lot of effort in part (ii) went into proving the 
existence of strong local minimizers at least in the two-dimensional case, 
which allows us to conclude that the problem P(A%, A2) of minimizing S("f) 
over all 7 G has a solution 7* that actually lies in and not only in 

the larger class f ^ 2 . For remarks on the possible extension of our results to 
higher dimensions, see the Conclusions in Chapter 5. 

3.4 Examples in R 2 

Let us see in some two-dimensional examples, D = M 2 , how these criteria 
are used in practice. In Figures 6-8, the black and the blue lines are the 
flowlines of b, the roots of b are denoted by the symbols (attractor), ® 
(repellor) and (S) (saddle point). Basins of attraction are shown in various 
shades of gray, basins of repulsion are drawn in gray lines at various angles. 
The stable and unstable manifolds of the saddle points are drawn in blue. 
Finally, a representative selection of admissible manifolds is drawn as red 
solid curves. In Fig. 8, dashed red curves illustrate why it is impossible to 
draw admissible manifolds through certain points. 
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Throughout the discussion of these examples (i.e. in the remainder of 
Section 3.4) we will assume that for every root x of b (i.e. for every attractor, 
repellor, or saddle point) all the eigenvalues of the matrix \/b(x) have non- 
zero real parts. Also, for simplicity we will discuss the case D = D, so that 
the condition (3.7) is trivially fulfilled by Lemma 15 (i). But our arguments 
will not change if D C D, except that then proving that the roots of b 
have strong (as opposed to weak) local minimizers requires checking the 
additional condition (3.7), e.g. by using Lemma 15 (i). 

3.4.1 Two basins of attraction 

In our first two examples we consider systems in which the drift vector field b 
has two stable equilibrium points whose basins of attraction partition the 
state space into two regions. 

Example 5. Fig. 6 (a) shows the flowlines of a vector field b with two 
attractors, and with one saddle point on the separatrix. The points in the 
two basins of attraction (shaded in light gray and dark gray) all have local 
minimizers by Corollary 1 and Proposition 4 (i). The three red lines are 
admissible manifolds (the two small ones can be obtained from Lemma 14), 
and we observe that every flowline on the stable and the unstable manifold 
of the saddle point (blue) intersects one of them. Proposition 3 thus implies 
that every point on these flowlines has local minimizers, and Proposition 
4 (ii) implies that the saddle point itself has local minimizers as well. We 
conclude that in this system every point in D has local minimizers. 

In fact, all points (with the possible exception of the roots of b) have 
strong local minimizers. To guarantee that the three roots have strong local 
minimizers as well, one only needs to check the condition (3.8) at these 
points. In the case of an action S € T~L induced by some Hamiltonian H 
such that H{ ■ , 0) and Hg( ■ , 0) are locally Holder continuous, by Lemma 15 
this is equivalent to (2.10). In particular, if S S T~Lq and b is a natural drift 
then there is nothing to check. These remarks about the distinction between 
strong and weak local minimizers also apply to the Examples 6-9. □ 

Example 6. Fig. 6 (b) shows another system with two attractors, only now 
there are two saddle points and one repellor on the separatrix. The points 
in the two basins of attraction are again shaded in light gray and dark gray, 
the basin of repulsion is drawn in gray diagonal lines. By Corollary 1 and 
Proposition 4 (i) every point in these three regions has local minimizers, 
which leaves us only with the two saddle points, and with the outer halves 
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of their respective stable manifolds. Again we observe that every flowline of 
the stable and unstable manifolds of the two saddle points (blue) intersects 
one of the four admissible manifolds drawn in the figure. As in the previous 
example, Proposition 3 thus implies that every point on these flowlines has 
local minimizers, and Proposition 4 (ii) implies that the two saddle points 
have local minimizers as well. We conclude that also in this system every 
point in D has local minimizers. □ 

3.4.2 Three basins of attraction 

We now discuss three examples of systems with three attractors. In each 
case, we will again find that every point in the state space has local mini- 
mizers. 

Example 7. Fig. 6 (c) shows a system with three attractors, with all three 
basins of attraction aligned in a row. As usual, Corollary 1 and Proposi- 
tion 4 (i) cover the three basins of attraction, Proposition 3 covers the stable 
manifolds of the saddle points since they intersect the outer admissible man- 
ifold, and Proposition 4 (ii) covers the saddle points themselves since every 
flowline of their stable and unstable manifolds intersects an admissible man- 
ifold. We conclude again that every point in D has local minimizers. □ 

Example 8. Fig. 7 (a) shows a system with three attractors that form a 
triangle with a repellor at its center. There are a total of three saddle points, 
one on each of the three branches of the separatrix. All the points in the 
three basins of attraction and in the basin of repulsion have local minimizers 
by Corollary 1 and Proposition 4 (i). Again we are left only with the three 
saddle points, and with the outer halves of their stable manifolds. Both can 
be treated with Propositions 3 and 4 (ii) as in the previous examples, and 
we find again that every point in D has local minimizers. □ 

Example 9. Fig. 7 (b) shows yet another system with three attractors. 
This time, one basin of attraction is enclosed by the two others, and we count 
a total of two repellors and four saddle points. After applying Corollary 1 
and Proposition 4 (i) to the three basins of attraction and the two basins 
of repulsion, we are only left with the four saddle points, and with the 
outer halves of the stable manifolds of the two outer saddle points. We can 
proceed as before, and apply Propositions 3 and 4 (ii) to show that also 
these remaining points have local minimizers. □ 
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Figure 6: Two systems with two attractors, and one system with three attractors. 
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Figure 7: Two more systems with three attractors. 
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3.4.3 An example with trivial natural drift 

Example 10. For the geometric action given by (2.21), i.e. the curve 
length with respect to a Riemannian metric, and for the quantum tunnelling 
geometric action given by (2.22) in Section 2.3 we only found the natural 
drift b(x) = 0, and so we must argue differently. In the first case we have 
£(x, y) > for Vy 7^ by our assumption that A{x) is positive definite, and 
so every point x G D has strong local minimizers by Proposition 2. 

For the quantum tunnelling geometric action this argument applies only 
to all points x E D \ {0:1,2:2} (where U{x) > 0), and we will have to deal 
with the points x = x\,x^ separately. Let us now assume that 3c, e > 
Vx G B £ {xi) : \U{x)\ > c\x - x;| 2 , i = 1, 2. 

Then the vector fields bi(x) := Q(x)(x — xi), for some cutoff functions 
(i G C 1 (Z5, [0, 1]) with suppCi C B e (xi) and Q( x i) = 1> are drift vector fields 
of S since 

£(x,y) = yj2U(x) \y\ > V2c(i(x)\x - Xi\\y\ = V2c\bi(x)\\y\ 
> ^(Mxm-ikix)^)). 

Since xi is a repellor of bi(x) with V6j(xj) = /, we can apply Proposition 4 (i) 
to conclude that x\ and X2 have weak local minimizers. If in addition U is 
Holder continuous at x\ and X2 then the condition (3.8) is fulfilled, and x\ 
and X2 have in fact strong local minimizers. (Observe that the alternative 
criterion for (3.8) given by Lemma 15 leads to the same condition.) □ 

3.4.4 Examples to which our criteria do not apply 

We will now present three examples in which for some points the conditions 
of our criteria are not fulfilled. As a consequence, unless we can otherwise 
show that there exists a minimizing sequence that stays in a compact set 
K C D away from these points, the question of whether a minimizer exists 
will be left undecided at present: Without further thought it may still be 
possible that (i) the points in question in fact do have local minimizers, and 
our criteria from the previous section are only not strong enough to show 
it, or (ii) the points do not have local minimizers, but Theorem 1 which 
requires this property for all points in the compact set K C D is asking for 
more than necessary. In both cases a minimizer may still exist. 

Fortunately, for the first of the following examples we will discover later 
in Chapter 4 that (at least for actions S in the subclass %q C %q defined 
at the beginning of Chapter 4) both Theorem 1 and our criteria in fact 
fail for a reason, and that the above possibilities (i) and (ii) are not the 
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case: Proposition 5 will show that for these actions the points in question 
do not have local minimizers and that a minimizer does not exist. For the 
second example we will have a partial result of that kind. These insights 
are an important contribution to our theory because they indicate why the 
conditions of our criteria are necessary, and they suggest that they are not 
unnecessarily strong. 

These first two examples have in common that there is a loop consisting 
of one or more flowlines that can be traversed at no cost. Such loops are 
bound to lead to problems since they allow for infinitely long curves with 
zero action, thus making it hard to control the curve lengths of a minimizing 
sequence. 

Limit cycles. Fig. 8 (a) shows a system consisting of a limit cycle which 
encloses the basin of attraction of a stable equilibrium point. We are inter- 
ested in a curve of minimal action that leads from the attractor to the limit 
cycle, and so the vector field outside of the limit cycle is irrelevant to us. 

All the points in the basin of attraction can again be treated by Corol- 
lary 1 and Proposition 4 (i), but (independently of the drift vector field 
outside of the limit cycle) our criteria will fail to show that the points on 
the limit cycle itself have local minimizers: Proposition 3 would require 
us to find an admissible manifold that crosses the limit cycle, but this is 
impossible. 

Indeed, any closed loop M that may be a candidate for an admissible 
manifold crossing the limit cycle (such as the red dashed line in Fig. 8 (a)) 
would have to intersect the limit cycle at least twice (it is not allowed to 
be tangent to the limit cycle by Definition 8 (iv)), or put differently, the 
limit cycle would have to intersect M at least twice. But this would mean 
that the flowline on the limit cycle enters the interior of M at one place 
and exits it at another (at the two red crosses), contradicting of Definition 
8 (iv). This observation is proven rigorously in Corollary 3 of Part II. 

In Section 4.3 we will prove that all this happens for a reason: Propo- 
sition 5 says that for actions S G Hq, points on limit cycles never have 
(weak or strong) local minimizers, and that no minimizer from the attractor 
(in fact from any point in the basin of attraction) to the limit cycle exists. 
Instead, the cheapest way to approach the limit cycle is to circle around in- 
finitely in the direction of the flow, see Fig. 9 (a); this however is not a curve 
in r and is thus not considered a valid minimizer in our, present framework. 
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Figure 8: Three systems to which our criteria cannot be applied. 




ure 9: The (generalized) minimum action curves for two of these cases. 
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Closed chains of flowlines. The next example in Fig. 8 (b) is similar in 
character: Again we have a closed curve that can be traversed at no cost, 
only that this time it consists of four flowlines that lead from saddle point 
to saddle point, and we are looking for a curve of minimal action that leads 
from the attractor to this loop. As before, our criteria fail to show that any 
of the points on the loop has local minimizers: Both Proposition 3 and 4 
(ii) would require us to find an admissible manifold crossing the loop, but 
for the same reasons as in the previous example this can easily be seen to 
be impossible. 

This time however, the issue can at present not be resolved entirely. 
Corollary 2 in Section 4.3 only allows us to conclude for actions S £ 1~Lq 
that if a minimizer exists then it will reach the loop at one of the saddle 
points. Further work would be necessary to prove that such a solution indeed 
exists, and to decide if it is more advantageous to rather approach the loop 
by circling around infinitely in the direction of the flow, see Fig. 9 (b). 

At least Lemma 19 explains why our criteria are insufficient for showing 
that those points on the loop with non-zero drift have local minimizers: The 
proofs of these criteria work by proving the stronger requirements of Remark 
2 (ii), and for actions S 6 Hq those are not fulfilled. 

Non-contracting state space. The examples of Sections 3.4.1 and 3.4.2 
had in common that the state space was contracting in the sense that there 
exists a bounded region which every flowline eventually leads into as t — > oo. 
This last example, a constant vector field b(x) := bo ^ illustrated in Fig. 
8 (c), discusses what can happen if that is not the case. 

For reasons similar to the ones in the previous two examples we fail to 
find even a single admissible manifold, and so we cannot apply Proposition 3. 
However, at least in the simple case of the geometric action for an SDE 
with non-vanishing constant drift and with additive noise it is not difficult 
to adjust the technique of this paper and to show that every point has 
strong local minimizers: At the beginning of Section 6.4 we will show how 
in this case one can effectively use the non-compact admissible manifold 
M = {bo^. 

It may be possible to extend the results of this paper to cover also cases 
like this one in more generality: One could drop the assumption that admis- 
sible manifolds need to be compact and instead list all the entities that need 
to be bounded on them, leading to a more technical definition of admissible 
manifolds. This however would go beyond the scope of our work at this 
point. 
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4 Properties of Minimum Action Curves 



Let us begin by defining the subclass Hq C Ho of geometric actions to which 
most results in this chapter apply. Observe that this class includes the large 
deviation geometric actions in Example 1. 

Definition 10. We define Hq C Hq as the class of all Hamiltonian geomet- 
ric actions that are induced by a Hamiltonian that fulfills the Assumptions 
(HI'), (H3), and the following stronger smoothness assumption: 

(H2') The derivatives H x , Hq, H x q = (Hq x ) t , Hqq and H x qq exist and are 
continuous in (x,9). 

Note that for S G Hq we cannot guarantee that every Hamiltonian that in- 
duces S will fulfill (H2'). Also recall that by Lemma 7 (i), for these actions 
a point x G D is critical if and only if b(x) = 0. 

The goal of this chapter is to study some properties of geometric ac- 
tions and their minimizers. Our main results (for simplicity stated for the 
case D = D) are summarized below. While the first result applies to gen- 
eral geometric actions, the last three only hold for actions S G Hq with a 
corresponding natural drift b. 

• The only points that a curve 7 G T with £(7) < 00 can pass in infinite 
length are those at which every drift of S vanishes. 

• If L is a limit cycle of b and if A\ C D \ L then the minimization 
problem P(A\,L) does not have a solution. We give a quantitative 
explanation why curves rather like to approach L by circling around 
infinitely in the direction of the flow. 

• Points on limit cycles of b do not have local minimizers. 

• Minimum action curves leading from one attractor of b to another 
reach and leave the separatrix between the two basins of attraction at 
critical points (see Fig. 10). 

4.1 Points that are Passed in Infinite Length 

To prepare for Corollary 2, we need to understand which points can be 
passed in infinite length without accumulating infinite action. Here we find 
that such points must be roots of any drift b. A refined statement relating 
the length of a curve to its action is given by Lemma 26 in Part II. 



46 



Lemma 16. Let S G Q, let 7 6 T mi/i 5(7) < 00, and let x be a point on 7 
that is passed in infinite length. Then for every drift b of S we have b{x) = 0. 

Proof. Suppose that 60 := b(x) / 0. Let e > be so small that B e {x) C D, 
c := min \b(w)\ >0 and min (bo,b(w)) > 5, 

where we use the notation v := A for Vu £ M n \{0}, and let C2 := C2(-B e (x)). 
By passing on to a small segment of 7 around cc, it is enough to consider 
the case 7 G and we may assume that 7 C B £ {x). We will obtain a 

contradiction by showing that £(7) = 00. 

To do so, let ip G C(x) be a parameterization of 7, and define for 
Va G (0, i) the sets 7 a := [0, \ - a] U [§ + a, 1] and J" := {a G I a | f'ipt) / 0} 
and the number L a := \ip'\ da. Then 

y\\b(ip) - ip'\da> \ \(p'\(b ,b(<p) - ip') da > / (±|<p'| - (So, <//)) da 
Jia J la 

= \L a - (b , - a) - p(0)] + [p(l) - <p(\ + a)] > 
> |L a - 4e, 

which is positive for small a since lim^o 7 a = length^) = 00. By (2.6) 
and the Cauchy-Schwarz inequality this implies that 

5(7) >/ £&,<p')da>c 2 [ (\b(<p)\\<p'\-(b(<p),tf/))da 

= 17/ IHvOllv I %) / lv I \K<p) - v'l da 

1 Jia 1 Jia 

> C2C (I^WWKv) ~ V'\da) 2 c 2 c{\L a -Ae) 2 



2 fj \<p'\da 2L a 

and letting a \ shows that 5(7) = 00. □ 



4.2 The Advantage of Going With the Flow 

The next lemma says that the drift b is the only candidate for a direction 
into which one can move at no cost, and that for actions S G 77o one can 
indeed follow the the natural drift flowlines at no cost. Note that the latter 
is obvious for the geometric action given by (1.7). 
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Lemma 17. (i) Let S G Q , let b be a drift of S, and let x G D and y G 
]R n \ {0}. If £(x,y) = then either b(x) = or y = cb(x) for some c > 0. 

(ii) Let S G %q, let b be a natural drift, and let x G D and y G W 1 . If 

b{x) = or y = cb(x) for some c > then £{x, y) = 0. 

(Hi) If S G "Ho 7 G T is o flowline of a natural drift then £(7) = 0. 

Proof, (i) If £{x, y) = then (2.6) implies that either b{x) = or y = c6(x) 
for some c > 0. Since y 7^ 0, we must have c > 0. 

(ii) If = fe(x) = Hg(x,0) then £ is a critical point by Lemma 7 (i), so 
that £(x,y) = for Vy G M n . If b(x) / and y = cb(x) = cH e (x,0) for 
some c > then (#, A) = (0, -) solves (2.11), so that d{x,y) = and thus 
£(x,y) = ($(x,y),y) = by (2.12). If c = then y = 0, and so we have 
£(x, y) = again. 

(hi) Given any parameterization (p G C(0, 1) of 7, we have ip' = cb(tp) a.e. on 
[0, 1] for some function c(a) > 0, and so part (ii) implies that £(ip, <p') = 



Now suppose that S G %q. The next lemma says that if the end of a 
given curve does not follow the natural drift flowlines (so that its action 
is positive) then we may reduce its action by bending it slightly into the 
direction of the drift. This is less obvious than it seems at first since the 
sheared curves given by (4.2) may also be longer, and so a precise calculation 
is necessary to show that the benefits from the change in direction outweigh 
the potential increase in length. 

Lemma 18. Let S G T~Lq, and let b be a natural drift of S obtained from a 
Hamiltonian that fulfills the Assumption (H2'). Let 7 G T, let x be its end 
point, and let <p G ^(0, 1) be its arclength parameterization. Suppose that 
b(x) 7^ 0, and that 

3t > 3 arbitrarily large a G [0,1): p>{a) £ ip(x, (— r, 0]). (4.1) 

Then for sufficiently large G [0, 1) the family of curves j E G T given by 



a.e. on [0,1], i.e. 5(7) = 0. 



□ 




(4.2) 



defined for small e > 0, fulfills 9 £ <S(7 £ )| £= o < 0. 



Proof. See Appendix A. 6. 



□ 
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4.3 Some Results on the Non- Existence of Minimizers 

Lemma 18 has many useful consequences. The first one is that under certain 
conditions on A2, any solution of P(A\, A2) must first reach A2 at a critical 
point, since otherwise we could use Lemma 18 to construct a curve with a 
lower action. In particular, (under these conditions) this means that if A2 
does not contain any critical points then no minimizer can exist. 

Corollary 2. Let S G H% . Let A 2 C D be closed in D, let A\ C D \ A 2 , 
and suppose that the minimization problem P(A\,A2) has a weak solution 
7* G f^ 2 . Denoting by x its first hitting point of A2, let us also assume that 
x G D° and that the flow ip of some natural drift b of S fulfills 

ip(x, (— t, r)) C A2 for some r > 0. (4-3) 

(In particular, these conditions on x are fulfilled if A2 C D° and if A2 is 
flow-invariant under b.) Then x is a critical point. 

Proof. We may assume that x is the end point of 7* (otherwise we may 
instead consider the minimizer obtained by cutting off the segment after x). 
Also, because of Remark 1, (4.3) is in fact fulfilled for the flow of any natural 
drift of S, and thus we may assume that b is constructed from a Hamiltonian 
that fulfills Assumption (H2'). 

Suppose that b(x) ^ 0. Then since 5(7*) < 00 by the remark following 
Assumption (D), Lemma 16 says that 7* cannot pass x in infinite length, 
and thus we can write 7* = 7 1 + 7 2 , where 7 2 is a rectifiable curve ending 
in x such that 7 2 C D° and length(7 2 ) > 0. Now consider the family of 
curves -) £ constructed from 7 = 7 2 as in Lemma 18. The condition (4.1) is 
fulfilled since 7 2 does not visit ip(x, (—t,0]) C A2 prior to x, and so we have 
d £ S(j £ )\ £= o < 0, which implies that 5(7 e ) < 5(7 2 ) — ce for some c > and 
all sufficiently small e > 0. Now defining x £ := ip(x,e(l — ato)), which by 
(4.3) is in A2 for e G [0,r), we have 

x £ = ip(x, 0) + e(l — ao)ip(x, 0) + o(e) 
= x + e(l — ao)b(x) + o(e) 
= <p e (l) + o(e), 

i.e. the straight line 7 e from <p e (l) (that is the end point of j £ ) to x £ G A2 has 
a length and thus by Lemma 4 (ii) also an action of order o(e). Finally, for 
sufficiently small e > we have 7 e , 7 e C D° and thus 7* := 7 1 +7 e +7 e G f ^ 2 , 
and the above estimates show that 
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5(7*) = Stf) + 5( 7e ) + S(%) < 5( 7 X ) + 5( 7 2 ) - ce + o(e) 
= 5(7*)-c £ + ( e )<5(7*) 



for small e > 0, contradicting the minimizing property of 7*. □ 

Two examples of flow-invariant sets A2 to which we can apply Corollary 2 
are limit cycles and closed chains of flowlines, as shown in Fig. 8 (a) and (b), 
which leads us to the results that were discussed in Section 3.4.4. 

Proposition 5. Let S € 'Hq , let b be a natural drift, and let L C D° be a 

limit cycle of b, i.e. 

3x £ I 3T > 0: b(x)^0, L = tp(x, [0, T)) and tp(x,T) = x. 

(i) If A\ C D\L and A2 C L then the minimization problem P(A\,A2) 
does not have any solutions. 

(ii) Points x S L do not have local minimizers. 

Proof, (i) First suppose that A2 = L. If P{A\,L) had a solution 7* then 
according to Corollary 2 its first hitting point of L would be a critical point. 
But there are no critical points on L, so P(Ai,L) cannot have a solution. 

Now let A2 C L, and suppose that P(Ai,A2) had a solution 7*. Then 
we obtain a contradiction by showing that 7* is also a solution of P(Ai, L), 
which was just proven not to exist. Indeed, if there were a curve 71 G 
with 5(71) < 5(7*) then the curve 72 6 f^ 2 , constructed by attaching to 
71 a piece of L leading from the end point of 71 to some point on A2 in 
the direction of the flow, would by Lemma 17 (iii) have the same action, 
S (72) = <5(7i) < ^(7*)) contradicting the minimizing property of 7*. 

(ii) Suppose that some point x S L had weak local minimizers. Then there 
would be an r > such that B r (x) C D and that for Vxi,X2 € B r (x) the 
minimization problem P(x\,X2) has a weak solution 7*. In particular, we 
could choose x\ G B r (x) \ L and X2 := x £ L. But part (i) says that for this 
choice P{x\,X2) does not have a solution. □ 

Remark 6. The proof of Proposition 5 (i) via Lemma 18, which argues that 
every curve leading to L can be improved by bending its end in the natural 
drift direction, indicates why curves like to approach L by circling around 
infinitely in the direction of the flow (see Fig. 9 (a)). Using the tools of this 
paper, proving the existence of a "minimizing spiral" is not difficult and will 
be subject to a future publication. 
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The next result explains why our techniques are insufficient to prove that 
the points on the chain of flowlines in Fig. 8 (b) have local minimizers: They 
were designed to show the stronger property of Remark (ii), which in this 
example does not hold for actions S £ T~Lq. 

Lemma 19. Let S £ Hq , and suppose that the natural drift flowlines are as 
in Fig. 8 (b). Let Ai be the set consisting of the four flowlines connecting the 
critical points (including their end points), and suppose that A<i C D° . Then 
any non-critical point x £ A2 does not fulfill the property of Remark 2 (ii). 

Proof. Let x £ A2 with b(x) 7^ 0, and let r/ > be so small that ^^(x) 
does not contain any critical point. If the property in Remark 2 (ii) were 
true then there would be an r £ (0,77] such that B r {x) C D and that for 
Vxi,X2 £ B r (x), P(xi,X2) has a solution 7* with length(7*) < n and thus 
7* C B r+rj (x). In particular, we can pick x\ £ B r (x) \A% and X2 ■= x £ A<i- 
As in part (i) we could then show that the corresponding solution 7* of 
P(x\,X2) is also a solution of P(x\,A2), and by Corollary 2 7* would first 
hit A2 at a critical point. But this is not possible since 7* C B r+rj (x) C 
B 2v {x). □ 

4.4 How to Move Prom One Attractor to Another 

Still assuming that S £ T-Lq and that b is a corresponding natural drift, 
as another consequence of Corollary 2 we will learn how minimum action 
curves cross the separatrix as they move from one attractor of b to another, 
as illustrated in Fig. 10. Clearly, the point at which the curve leaves the 
separatrix and enters the second basin of attraction must have zero drift. 
Indeed, after leaving the separatrix, the curve can at no cost follow a flowline 
of b into the second attractor, and that flowline can only touch the separatrix 
at a point where b vanishes. 

It is however not that obvious that also the first hitting point of the 
separatrix must have zero drift. Consider for example the geometric action 
given by (1.7), where the flowline diagram of b is as in Fig. 1 or Fig. 10, and 
where \b\ is very small along a channel that leads from the first attractor 
to a point on the separatrix far away from any critical point. Curves can 
then follow that channel at very little cost, and it seems unclear whether it 
is then advantageous to go the long way towards a critical point in order to 
cross the separatrix. 

The answer to this question is given in Theorem 2. Note that in con- 
trast to the previous chapter, here we do not make any assumptions on the 
eigenvalues of V6 at the attractors or at the saddle point. 
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Figure 10: Minimum action curves reach and leave the separatrix between two 
basins of attraction at critical points. However, the first and last hitting points do 
not need to coincide, as illustrated in this example with an additional degenerate 
equilibrium point on the separatrix. 

Theorem 2. Let S G T~Lq, let b be a natural drift, let x±,X2 G D be two 
distinct attractors ofb, let the open sets B\,B2 C D denote their basins of 
attraction, let X := dB\ CidB2 DD denote their separatrix, and assume that 
X C D°. Let Ai,A 2 C D be such that A\ C B v and x 2 G A 2 C B 2 . 

If the minimization problem P{A\,A2) has a weak solution 7* C B\ U 
B2 U X then its first and last hitting point of X are critical points. 

Proof. Let us denote the first and the last hitting points of X by z\ := (au) 
and Z2 '■= i/?* (02), where 92* G (7(0, 1) is a parameterization of 7* G f^ 2 and 

a\ := min [a G [0, 1] | <p*(a) El} £ (0, 1), 
a 2 := max{a G [0, 1] | (f*(a) G X] G (0, 1). 

First hitting point: X is closed in D by definition, we have X C D° by 
assumption, and X = B\ n i?2 H is flow-invariant since B\C\D and B2f]D 
are. Therefore, to conclude that zi is a critical point it is by Corollary 2 
enough to show that the curve given by y*|[o, ai ] is a weak solution of the 
minimization problem P(A±,X). 

To do so, assume that there were a curve 71 G with £'(71) < 
•^(^llo.ai]) ^ <^(7*)- O ne could then obtain a contradiction by construct- 
ing a curve in f^ 2 with an action less than 5(7*), as follows: First follow 
71 from A± to X, then move from the endpoint of 71 into B2 along a line 
segment 72 so short that <S(7i) + 5(72) < $(7*) (using Assumption (D) and 
Lemma 4 (ii)), and finally follow the drift b into X2 G A2 at no additional 
cost (using Lemma 17 (iii)). 
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Last hitting point: To make the arguments at the beginning of this section 
rigorous, first we argue that s := S((p*\\ a2: i\) = 0. Indeed, if s were positive 
then in contradiction to the minimizing property of 7* we could construct 
a curve in f^ 2 with an action less than «S , (7*), as follows: First move along 
the curve segment given by </?*|[o,a 2 +<S]' where 5 > is chosen so small that 
S{^*\[a 2 ,a 2 +8]) < s and thus S((p*\ [0 ^ 2+S ]) < £(7*); since (p*{a 2 + 5) G B 2 
by definition of a 2 , we can then follow the drift from (p*(a 2 + 5) into x 2 £ A 2 
at no additional cost. 

This shows that s = 0, and we can conclude that £(ip*,ip*') = a.e. on 
[a 2 , 1]. Now if we had b(z 2 ) / and thus b((p*) / on some interval [a 2 , a], 
a > a 2 , then Lemma 17 (i) would imply that ip*' = cb(ip*) a.e. on [a 2 , a] for 
some function c(a) > 0, i.e. <p* follows a flowline of b on this interval. Since 
(p* (a) £ B 2 and b(ip*) / on [a 2 , a], we would thus obtain the contradiction 
z 2 = <p*(a 2 )eB 2 cD\X. □ 

5 Conclusions 

We have defined the class Q of geometric action functionals on the space T 
of rectifiable curves (in fact on a larger space T that contains also infinitely 
long curves), and we have shown that the Hamiltonian geometric actions 
that arose in [4, 5] in the context of large deviation theory belong to Q. We 
have extended the notion of a drift vector field b from the large deviation 
geometric action of an SDE (1.3) to general actions S £ G, such that any 
curve with vanishing action must be a flowline of b. 

We developed conditions under which there exists a curve 7* with 

S( 7 *) = inf 5( 7 ), 

i.e. a solution to the problem of minimizing some given action S € Q over 
all curves 7 leading from the set A\ to the set A 2 . The curve 7* is called 
a strong solution if it has finite length, and it is called a weak solution 
if it passes certain critical points in infinite length. Using a compactness 
argument, we reduced this existence problem to a local property ("a point 
x has local minimizers"), and we listed several criteria (whose proofs are 
the content of Parts II-III) with which one can check this property for a 
given point x, provided that the flowline diagram of an underlying drift is 
well- understood. 

We then demonstrated in various examples how these criteria are of- 
tentimes sufficient to show that every point in the state space has local 
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minimizers. We also included some examples in which our criteria are in- 
sufficient, and we obtained some results that explain why. In particular, in 
one example we proved that no minimizer 7* exists. 

Finally, we showed various properties of geometric actions and their min- 
imizers. Our main result here was that for certain actions, minimum action 
curves leading from one attractor of the drift to another reach and leave the 
separatrix between the two basins of attraction at a point with zero drift. 
In particular, this result applies to maximum likelihood transition curves in 
large deviation theory. 

Future Work, Open Problems. In a short follow-up paper the author 
will further investigate the drift b in Fig. 9 (a) and prove the existence of 
a "minimizing spiral" leading from the attractor to the limit cycle. In the 
case of the drift in Fig. 9 (b) a minimizer will exist, too, but it is not clear 
whether it will be in the form of a curve 7 S T that ends in one of the 
saddle points, or again in the form of a minimizing spiral. To answer this 
question, one will need new ideas to decide whether the points on the chain 
of flowlines have local minimizers. 

Another interesting open question is whether it is possible to extend 
the criterion for strong local minimizers in Proposition 4 (ii) also to dimen- 
sions n > 2. While it would certainly suffice to extend Lemma 27 (vi)-(vii) 
correspondingly, after several failed attempts the author now believes that 
Lemma 27 (vi) is false in higher dimensions, and so a change in strategy 
may be necessary. One possible alternative approach may be to omit the 
line (6.48) in the proof of Proposition 4 and instead use a generalized version 
of Lemma 26 that directly applies to our function F; in this way one would 
need to control the gradients V/j only where F = /j. 
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A Proofs of some Lemmas 



A.l Proof of Lemma 3 

Proof. Let (7 n ) n <=N C r(x) be given with the properties stated, and let 
«o := liminfn^oo S"(7 n ). In a first step, let us pass on to a subsequence 
(which we again denote by { r y n )neN), such that lim™-^ 5(7 n ) = sq (we will 
only need this property for the proof of Lemma 5 (h)). Let (</3 n )neN C C(x) 
be a corresponding sequence of parameterizations. 

To facilitate the proof of Proposition 4 in Section 6.6, which will build 
on the construction of the present proof, let us rewrite our assumption (2.3) 
more generally as 

VnGNVu>0: I l F{z)>u \dz\ < V (u), (A.l) 

where F(w) := \w — x\ for \/w G D. We point out that the only properties 
of F that we will use are that (i) F is continuous on D, and (ii) 3c > 
\/w G K: F(w) > c\w — x\. 

To begin, we first pick for Vn € N a value a™ in G [0, 1] such that 
F(ip n (a r ^ in )) = min ae [ 0) i] F{(p n (a)). Since <p n C K for Vn G N, we may 
(by passing on to a subsequence if necessary) assume that lim n _ J . 0O ^Vt^min) 
exists. Next we define for \/k £ No 



A' 



Q 
Qk 



1 _ 2 -(fc+l) 

2 Z ' "fc 

[dk,dk +1 ], Qt 



1 , 2 -(fc+i) 

2 -r ^ , 

Ut Qt = [o,d- +1 ]u[di +v i] 



we choose a strictly decreasing sequence (ttfc)fc<=N C (0, oo) such that 

u > max-! supF(<^ n (0)), supF(^ n (l)H (A.2) 

ngN nSN J 

(this is possible since the right-hand side is bounded by max w£ K F(w)) and 
that Uk \ as k — > oo, and we define for Vn G N and \/k G No the compact 
set 

In,k ■= {a G [0, 1] | F(<p n (a)) <u k }. 

Then we define for Vn G N the surjective, weakly increasing function 
a n : [0, 1] — > [0, 1] as follows: At the points d^ and d^ we set 

a n{d k ) := { „ ^ a n {dl) := 
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for V/c G No, and we set a n (^) := a™ in . 

Before we define a n (s) at the remaining points s G [0,1], observe that 
a n (0) = and a n (l) = 1, since (A. 2) implies that 0, 1 G I ni o- Also 
note that every function a n as defined so far is non-decreasing since for 
each fixed n G N the sequence of sets {I n ,k)k<m is decreasing, and since 
a min G whenever I n ^ k / (which implies that a n (d^) < a™ in < a n (c/^) 
for VA; G N ). 

Finally, observe that for V/c G N and Vn G N we have 

either Va G [0, a n (d^)] : F(<p n (a))>u k (A.4a) 
or a n (d~) = (A. 4b) 

(or both), and the same is true with [0,a n (d^)] replaced by [a n (c^~),l] in 
(A. 4a), and with (A. 4b) replaced by a n (d^) = 1. Indeed, if a n (d^) > then 
for Va G [0,a n (d^)) we have a ^ I n ,k, i- e - F{(p n (a)) > u k , which implies 
(A. 4a). The modified statement is shown analogously. 

In either case, the curve segments given by <p n \io a n (d~)] are rectifiable 
for V/c G N: If (A. 4a) holds then this follows from (A.l) with u = ^, and if 
(A. 4b) holds then this segment degenerates to a single point. Similarly, the 
segments given by <p n \y a ^+) i] are rectifiable for V/c G N by the correspond- 
ing modified versions of (A.4a)-(A.4b). 

We can thus define a n (s) at the remaining points s G [0, 1] by re- 
quiring that the function ip n (s) := ip n (a n (s)), restricted to the sets 
and Q^", k G No, is the arclength parameterization of the curves given by 
^lK(d-),a„(d- +1 )] and Ma„« +1 ),a„«)]' res P ectivel y- In particular, on 
each set and , ip n is absolutely continuous and \(p' n \ is constant a.e.. 

By construction, (p n \< ii and <p n \n ^ traverse the curves given by </3 n |[o,a„] 
and <Pn\[& n ,i}, where d n := lim/^oo a n (d^) and a n = lim^oo a n (d^) (these 
limits exist since (a n {d k ))kGN and {a n {d k ))k&n are monotone bounded 
sequences). Therefore, to see that ip n is in fact a parameterization of the 
entire curve j n , we need to show that (p n is constant on [d n ,d n ]. 

Now if (for fixed n G N) there 3k G N V/c > k : I n , k = then 
we have V/c > /co: a n (d k ) = a^ in = a n{d^) and thus a n = a„, and 
we are done. Otherwise we have a n (d^) G I n ^k for V/c G No, and thus 
F(^ip n (a n (d^))) < u k — > as k — > oo. This shows that F({p n (a n )) = and 
thus if n (a n ) = x, and similarly one can show that (p n {a n ) = x. Because 
of our assumption that 7„ passes the point x at most once we can now use 
(2.2) to conclude that (p n is constant on [d n ,d n ] also in this case. 

This shows that ip n is a parameterization of 7 n (and in particular con- 
tinuous). Furthermore, we have (p n G C(x). To see this, first note that 
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by construction tp n is absolutely continuous on [0, \ — a] U [| + a, 1] for 
Va G (0, 5). If v? n (^) / x then F(^ n (a! m in)) = > 0, so that for 

large k G N we have = and thus a n (d^) = a n (d~£) by (A. 3); this 
in turn implies that ct n and thus ip n is constant on [d^,d^], and thus that 
P„€C(0,1). 

Now let us construct a converging subsequence of (^ n )neN- First ob- 
serve that our definition (p n = (p n o a n and the monotonicity of a n translate 
(A.4a)-(A.4b) into the following: For VA; G N and Vn G N we have 

either Vs G [0, d^] : F((p n (s))>u k (A.5a) 
or tp n is constant on [0, d^} (A. 5b) 

(or both), and the same is true with [0, d^] replaced by [d£ , 1]. 

We can now find a subsequence of functions ip n that for k = 1 either all 
fulfill (A. 5a) or that all fulfill (A. 5b); we can then find a further subsubse- 
quence such that the same is true for k = 2, etc., and by a diagonalization 
argument we can pass on to a subsequence which we again denote by (<p n )neJi 
such that for VA; G N 3n k G N such that 

either Vn > n k Ms G [0, d^] : F((p n (s)) > u k ^ 
or Vn > rife : (p n is constant on [0, d^] 

(or both). Finally, by following the same strategy one more time we may 
also assume that the same is true also with [0, djT] replaced by [djj", 1]. This 
property (A. 6) is not important to us now, but we will need it in the proof 
of Proposition 4. 

Now using that for Vra G N, \<p' n \ is constant a.e. on the intervals and 
, and using (A. 5a) and (A. 5b), which say that either \(p' n \ vanishes a.e. on 
[0, d^ +l ] D or the indicator function in (A. 7) below takes the value 1 on 
[0, d^ +1 ] D , we find for VA; G No and almost every s G that 

KOOI = \Qk\~ 1 I Wn\ ^ = (2"( fc + 2 ))- 1 f K\l F(tpn) > Uk+1 da (A.7) 

< 2 k+2 I W n \t F{tpn>Uk+2 da < 2 k+2 7 1 (u k+2 ), 
Jo 

and analogously one can derive this n-independent upper bound also for 
almost every s G Qt- This shows that for every fixed k G No we have 

sup ess sup | <p' n (s) | = sup sup ess sup |y4(s)| < sup 2 J+2 r/(nj + 2) < oo. 

nGN se.J k 0<j<k nGN s gQ± 0<j<k 

(A.8) 
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By Lemma 2 (i) we can therefore extract a subsequence of (<p n )neN that 
converges uniformly on J\ , then extract a further subsubsequence converging 
uniformly on J2, etc., and using a diagonalization argument we can find 
a subsequence which for simplicity we will again denote by (<^ n )neN that 
converges uniformly on every J k , and in particular pointwise on IJfc^o ^ k = 
[0, 5) U (|, 1]. Since also p n {\) = ^("min) converges as n ->■ 00, (v?„)„ g n 
converges in fact pointwise on all of [0,1]. Let us denote the limit by ip : 
[0, 1] -> . 

By Lemma 2 (ii) the function (/? is absolutely continuous on each set J k , which 
provides us with an almost everywhere defined function ip' : [0,1] — > W l 
which is integrable on each set J k . To see that 



/ \(p'\t F f^ >u da < T](u) for vu > 0, 
J 



(A.9) 



we fix u > 0, and we define for Vt> > u and \/q G M the continuous function 
^( ( ?) := min(max(^^j, 0), 1) < l g>u . Applying Lemma 5 (i) to the func- 
tional S G Q given by i(x,y) := h v (F(x))\y\, we find that for V/c G N we 
have 

/^(F^))!^'! da < liminf / /i„(F(</? n ))|y4| da 

, n— >oo / 7 

•Jk J J k 



< liminf/ n )> u |^| da 
n ^°° Jo 

= liminf / t F ( z ) >u \dz\ < r](u) 



by (A.l). Taking the limits h — > 00 and v \, u and using monotone conver- 
gence now imply (A.9). 

It remains to show that (p G C{x). To prepare, let us first show that for 
Vfc G No we have 

either F(p(d~)) < u k (A. 10a) 

or (p is constant on [d^ , ^] (A. 10b) 

(or both), and the same holds with d^ replaced by d^ in (A. 10a), and with 
[d^,\] replaced by [5,^] in (A.lOb). 

Indeed, if for some fixed k G No we have F{p{d~^)) > u k then for large 
re G N we have F (tp n (a n (dj~))) = F{ip n {d k )) > u k , i.e. a n (d^) I n>k and 
thus a n (d^) = a^ in = a n (i) by (A. 3). The monotonicity of a n then implies 
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for large n G N that a n and thus ip n are constant on [a^T,^], and taking 
the limit n — > oo implies (A. 10b). The modified statements can be shown 
analogously. 

Next, let us show that <p is continuous. Since (p is even absolutely con- 
tinuous on every set J^, we only have to show continuity at s = 5, and by 
symmetry of our construction we only have to show that ip(^ — ) = <p>{\). 
Now if for some k G N (A. 10b) holds then this is clear, therefore let us 
assume that (A. 10a) holds for VA: G N. Taking the limit k — > 00 in (A. 10a) 
implies that lim ini s / 2 F((p(s)) = 0. Thus, if the limit lim s F(ip(s)) 
would not exist then there would be a sequence (s m ) m6 N G (0, ^) with 
s m f- \ such that for some u > and Vm G N we have F((p(s m )) > 2u. 
Now i ?_1 ([0, u]) n -ftT is compact, so that 

dist(F -1 ([0,u]) HK, F _1 ([2«,cx)))) > 0, 

and thus the fact that ^(s) moves back and forth between these two sets 
infinitely many times as s /* | would imply that J^ 2 |y'|l u <F(<p)<2u ^ a 
= 00, contradicting (A. 9). This proves that lim^yix^ F(ip(s)) = 0, and since 
by construction F o ip takes its minimum at s = i, we have -F((/j(^)) = 0. 
Property (ii) of F now implies that lim s <p{s) = x = ip(^), concluding 
the proof of the continuity of <p>. 

Finally, to show that p> G C(x), assume that <p>{^) 7^ x. Then neither 
(A. 10a) nor its modified version can hold for Vfe G N (since taking the limit 
k — > 00 in (A. 10a) would imply that F(ip(^)) = and thus 9?(|) = x), 
and so ip must be constant on some interval [^7/ jdjj" ]. Since (p is absolutely 
continuous on every set this implies that <p G C(0, 1), terminating the 
proof. □ 

A. 2 Proof of Lemma 5 

Proof, (i) Denoting by M > the bound given in (2.1), it suffices to define 
a family of functions £ s : D x B]\j(0) — > [0, 00), 5 > 0, such that 

(a) > Vx G D Vy G 5 A/ (0) : < £ 5 (x, y) < mf w£§s{x)nD £(w, y), 

(b) > Vx G D : I s (x, ■ ) is convex, 

(c) Vx G D Vyo G ^m(0): liminf( a . )J , j5 )_ ) .( a . 0) j /0j o + ) ^ 5 (x, y) > ^(x ,yo)- 

The proof then follows the lines of [3, Lemma 5.42] (where the distance 
function induced by the norm || • \\oo is denoted by ol c ^. The only necessary 
modification of that proof is that because of the property in Definition 1 (i) 
we do not have an equivalent to [3, Lemmas 5.17 and 5.18], and so we had 
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to guarantee the uniform absolute continuity of the sequence (</? n )n.eN by 
requiring the uniform bound on \<p' n \ in (2.1). That same bound is also the 
reason why (other than in [3]) here it suffices to define the functions £ s (x, y) 
only for |y| < M. 

To do so, we define for V5 > 0, Vx G D and My G B M (0) 

£ S (x, y) := sup + a], where 



e 



:=f(0,a)eE"xE Vu € JWO) : (0, «) + a < inf %,«)), 

ioeB 5 (a:)nD 



i.e. £ 5 (x,-) is the convex hull of the function v h-» inf^g^^nD ?;) re- 
stricted to f G i?A/(0). 

(a,b) First observe that (9, a) = (0,0) fulfills (6,v) + a = < £(«;,«) for 
every w and t>, and so we have (0, 0) G 0^,5 and thus £ s (x, y) > (0, y) + = 0. 
The upper bound in (a) follows right from the definition of £ s (x, y) and Q x ,5- 
Finally, £ s (x, ■ ) is convex as the supremum over affine functions. 

(c) Let xq G D and yo £ -Bm(O)- If £(xo,yo) = then by the lower 
bound in part (a) there is nothing to prove, therefore let us assume that 
£(%o,yo) > 0. Since £{xq, ■ ) is convex, 39 G W 1 3a G M such that 

^x ,yo) = (0,yo) + a and Vy G M n : £(xQ,y) > (9, y) + a. 

In particular, for Vc > we can apply the latter to y = cyo to find that 
c(9,yo) + a < c£(xo,yo) = c((0, yo) + a) and thus (1 — c)a < 0. This shows 
that a = 0, and so we have 

^(x ,y ) = (9,yo) and Vy G M n : £(z , y) - (9, y) > 0. (A.ll) 

Given any e > 0, there thus 377 > such that 

Vw G 5„(aj ) G Bat (0) : u) - {9, v) > -e. (A.12) 

Now let (x, y, 5) G B ri/2 (x ) x 2?a/(0) x (0, 2). Since for G £5(2;) flDwe 
have it; G B v (xo), (A.12) implies that (6, —e) G X ,<5, so that 

^(z,y) > (0,y)-e 

= (0,yo) + (0, y- yo) - e 
= £{xo,yo) + {9,y - yo) - e 
> ^0,2/0) - |0||y - yo| - e- 
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by the first statement of (A. 11). This shows that 

lim inf £ 5 {x, y) > £(x , yo) - e, 

and since e > was arbitrary, the proof of property (c) and thus of Lemma 
5 (i) is complete. 

(ii) Since the convergence is uniform on each set I a := [0, \ — a] U [i + a, 1], 
a G (0, |), and since (2.1) is fulfilled for the sequences {fn k \i a ) keN by (A. 8), 
Lemma 5 (i) allows us to estimate the combined action of the two pieces of 
the function <p\j a by 

/ £(cp,<p')da = S(<p\i a ) < liminf S((p n . \ Ia ) < liminf S(j n ) = lim inf S(j n ) . 

Jj a fc->oo fc->oo n->oo 

In the last step we used that at the beginning of the proof of Lemma 3 we 
had made sure that lim^oo S(j nk ) = liminfn^oo S(j n ). Letting a \ and 
then using the monotone convergence theorem now imply that 

Sh)= I £(<p, if/) da < liminf Sh n ). □ 
Jo n ^°° 

A. 3 Proof of Lemma 7 

Proof, (i) If (2.10) holds for some H then the function H(x,-), which is 
strictly convex by Assumption (H3), achieves its minimum value at the 
point 6 = 0, implying that {6 £W l \ H(x, 6) < 0} = {0} and thus l(x, y) = 
for My £ W 1 . Conversely, if Vy G W 1 : £(x, y) = and H is any Hamiltonian 
inducing S then we have W ^ 0: H(x,6) > (for if there were a 9 ^ 
with i/(x, 0) < then we had £(x, y = 9) > (8, 6) > 0), and so by Assump- 
tion (HI) H (x, • ) achieves its minimum value at the point 9 = 0, which 
implies (2.10). 

(ii) Let x G D. By Assumption (HI) we have H(x, 0) < 0. If H(x, 0) < 
then given any y ^ we have H{x, 9 = ey) < for some small e > 0, and 
thus £{x, y) > (y, ey) > 0. Now assume that H(x, 0) = 0. If x is a critical 
point then we have £{x,y) = even for Vy G W 1 . Otherwise by part (i) 
we have y := Hg(x,0) ^ 0, and since for \/9 G R n with H(x,9) < there 
39 G M n such that 

> H(x, 9) = H(x, 0) + {H e (x, 0),9) + \{9, H ee (x, 9)9) >0 + {y,9)+0 

by Assumption (H3), we find that £{x,y) < and thus £(x,y) = 0. □ 
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A. 4 Proof of Lemma 8 

Proof. First let us show the existence of a solution of (2.11). If x is a critical 
point then A) = (0,0) solves (2.11) for \fy G W l by Lemma 7 (i) (this 
also shows the first direction of part (ii)). If x is not critical then we have 
Hg(x,9) 7^ whenever H(x,9) = (for otherwise H(x,-) would take its 
minimum value at 9, and since the minimizer is unique by Assumption 
(H3), Assumption (HI) would imply that 9 = 0, i.e. x is a critical point by 
Lemma 7 (i)). Thus, for fixed y ^ 0, any 9* G W 1 that is a solution the 
constraint maximization problem (2.8b) (and thus also of (2.8a)) must solve 
Ve, M [(y, 9) - fiH(x, 9)] = for some fj,eR, i.e. 

y = fiH 9 (x, 9*) and H(x, 9*) = 0. 

Clearly, fi ^ since y ^ 0. In fact, /x > since otherwise we would have 
(Hg(x,9*),y) = \y\ 2 / n < and thus H(x,9* + ey) < for some e > 0, but 
then (y, 9* + ey) > (y, 9*) would contradict the fact that 9* is a maximizer 
of (2.8a). Therefore (0,A) := (fl*,^ -1 ) solves (2.11). 

Next we will show the uniqueness, and that the representation (2.12), 
which is trivial for y = 0, holds also for y ^ 0. Let x £ D and y G M n \ {0}, 
and let (i?, A) be a solution of (2.11). Since A = \Hg(x, i?)|/|y|, the uniqueness 
of A) will follow from the uniqueness of 

If A = then (2.11) says that H(x, ■ ) takes its minimum value at i9, 
and thus again by Assumptions (HI) and (H3) we must have i? = (proving 
uniqueness). By Lemma 7 (i), (2.11) now says that x is a critical point, 
so (2.12) returns the correct value £(x,y) = 0. This also shows the reverse 
direction of part (ii). 

If A > then for V0 G L x := {9 G M. n \ H(x, 9) < 0} there 39 G M n such 
that by (2.11) and Assumption (H3) we have 

> H(x, 9) = H(x, 0) + (H e (x, tf), 9 - 0) + \(0 - 0, H ee (x, 9){9 - $)) 
>0 + \(y,9-$) + ±m {xy \9-$\ 2 

=> (y,$)>(y,9} + ±m {x} \- 1 \9-$\ 2 >(y,9). (A.13) 

Since also $ G L x , this implies that £(x,y) = i.e. (2.12). If (i?',A') 

is another solution of (2.11) then we have (y, #) = £(x,y) = (y, #'}, and so 
setting := i9' in the left inequality in (A.13) implies that i? = 

Finally, to show the continuity, suppose that for some (x,y) G D x 
(R n \ {0}) there exists a sequence (x n ,y n ) — > (x,y) such that (t9 n ,A n ) := 
{d(x n , y n ), X(x n , y n )) stays bounded away from (i9(x, y), X(x, y)). Since G 
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L Xn and the sets L Xn are uniformly bounded by what was shown at the 
beginning of the proof of Lemma 6, the sequence (i? n ) is bounded. Thus, 
since X n = \Hg(x n , ~& n )\/\yn\, also the sequence (A n ) is bounded, and so there 
is a converging subsequence ($ nfc ,A„ fc ). Now letting k — > oo in the system 
(2.11) for (x nk ,y nk ) and using the uniqueness shown above, we see that its 
limit must be (^(x, y), X(x, y)), and we obtain a contradiction. □ 

A. 5 Proof of Lemma 15 (ii) 

Proof. "•£=": If (3.8) holds then choosing w = x implies that x is a critical 
point by Definition 4. 

"=>": If x is a critical point then it fulfills (2.10), and so by our assumption 
there 3a, 5, p > such that for Vu; G K := B p (x) C D we have (xo, 0)| < 
a\w — x| 2<5 and |-£/e(w,0)| < a|i(j — x| 2<5 . Because of (2.9) the second equation 
in (2.11) implies that c := sup wGK ^ y€K n \$(w, y)\ < oo. Finally, let mx > 
be the constant given by Assumption (H3), and let C4 := (2a(l + c)m^- 1 ) 1 / 2 . 

Now let w G B p (x) and y G M n . If y = then £(x,y) = and there 
is nothing to prove. Otherwise we abbreviate 1? := $(iu,y), and a Taylor 
expansion gives us a G M n such that 

= H(w, 0) = 0) + 0), 0) + |<0, fl^w, 0)0) 

> -a\w - x\ 2S - a\w - x\ 2S |0| + |m^|i9| 2 

> -o(l + c)|iu - x\ 2S + im^|0| 2 

=>• |0| < (2o(l + c)m^) 1/2 |iw - x| 5 = C4|w - xC 5 . 

The estimate (3.8) thus follows from (2.12). □ 

A. 6 Proof of Lemma 18 

Proof. For greater transparency, we will first lead the proof for the special 
case of the local action (1.7). 

SDE case. Let B C D be a closed ball around x that is so small that 
d\ := min^gB \b{w)\ > 0, and further define cfo := max me B \b(w)\ and := 
max„ e g |V6(tf )| . Let a G [0, 1) be so large that y|[5,i] C 5, and define for 
a G [a, 1] 

77(a) := |<? - %)| 2 = 2(1 - (?, &(?))), 
where we use the notation u) = A for G M n \ {0}. Note that 77(a) is 
well-defined a.e. on [a, 1] because b(<p) / on [a, 1] (by our choice of B 
and d), and because \ip'\ = length(7) > a.e. on [0, 1]. 
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First we claim that there are arbitrarily large values ao € [a, 1) such 
that 77(a) da > 0. Indeed, if this were not true then there would exist 

an ao £ [ a , 1) such that 77 = and thus ip' = b(ip) a.e. on [ao, 1]. But this 
would mean that on [ao, 1], traverses a flowline of b that ends in x, and so 
we have ip(a) S ip(x, (— r, 0]) for V sufficiently large a G [0, 1), contradicting 
(4.1). 

We pick ao < 1 so large that cfeefe length^) (1 — ao) < jdf and formally 
compute 

d £ S( l£ )\ £=0 = limj f [£(<p £ ,<p' £ ) -£{<p,<f/)] da 
£_s>u jo 

= lim /" i[% £ ,^)-%,^)] d« 

= f 1 d £ l(ve,p' £ )\s=oda. (A.14) 

The last step of exchanging limit and integral will be justified rigorously 
when we treat the general case. Since 

f' £ = if' + e(b((p) + (a - a )V%y) , 

a.e. on [ao, 1], the integrand of (A.14) is 

d e i(<p e ,<f/ e )\ e=0 =a e (|% 6 )| H\ - (% £ ),^))L =0 

= tfKbfr), V%>)(a-a )%)> 

+ |%)|(<?, %) + (a - a )V%V) 
-<^,V6(^)(a-a )6(^> 
-(%),%) + (a -oo)V&(¥>y) 

= -|%)| 2 (l-<^,6(3)) 

+ (a - ao)|6MI W\{K<P) ~ V%>)(%) - $)) 

< - \d\r]{a) + d 2 d 3 (l - a Q )y\\b{^) - fif 
= 77(a) [~\d\ + d 2 d 3 (l - a ) length(7)] 

< " \d\r}{a). 

Plugging this into (A.14), we obtain 

d £ S{ l£ )\ £=0 <-\d\ [ 77(a) da < 0. 
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General case. We choose B and d as before, but now we define ij(a) := 
\$((p, l f')\ 2 ■ Again, there are arbitrarily large ao € [d, 1) with v( a ) da > 

since 77(a) = &(ip,<p') = =>- He(<p,0) = \(<p,<p')<p' =4> f' = 

He{ip,Q) = b(ip) (the second step followed from the definition (2.11) of 
y), in the third step we used that H$(np,0) 7^ by our choice of B 
and d). By implicit differentiation in (2.11), [4, Appendix E] shows that for 
Vx E D and Vy 7^ we have 

"d x {x,y) T y = -\~ l (x,y)H x {x,-d(x,y)) wherever X(x,y)^0, 
$ y {x,y) T y = Q. 

From (2.12) we therefore obtain 

VJ(x, y) = $l(x, y)y = -\~ l (x, y)H x (x, $(x, y)), 
V y £(x,y) = ■Sy(x,y)y + 'd{x,y) =<&(x, y) 

wherever y 7^ and X(x,y) 7^ 0, and thus, abbreviating -d £ = ■d{(p £ ,ip' e ) and 
A e = A((/? e , (p' E ), we have a.e. on [ao, 1] 

d e £(<p e ,(f/ e ) = -^{HxfeM&Ve) + (A,d £ ip' £ ) 
= -\J 1 {H x (<p £ ,V £ ),(a-a )b(<p)) 

+ (tf £ ,%) + (a-a )V%y) (A.15) 

Setting e = and abbreviating i9 = §((p, ip') and A = A(c^, <p'), we find 

dsifa, <f/ e ) \ £=0 = (0, %)) + (a - a ) [{&, V%V ) - \'\H x {p, 0), b(<p) 

(A.16) 

To show that the first term is negative, we make a Taylor expansion and 
find that for some i9 we have 

= H(ip, 0) = H(<p, 0) + (Hg(<p, 0), 0) + ±(0, H ee {v, 
>O + (%),0) + ±m B |0| 2 
=> <0,%)> <-±m B |0| 2 , (A.17) 

where we used Assumptions (HI') and (H3). To control the second term in 
(A.16), we make two more Taylor expansions and use the equations H x (x, 0) 
= (a consequence of Assumption (HI')) and (2.11) to show that 

H x (<p, 0) = H x (tp, 0) + H xe (ip, 0)0 + O(|0| 2 ) = + V%) T tf + O(|0| 2 ), 
b(ip) = H e {^ 0) = H e {^ 0) + O(|0|) = \<p' + O(|0|). 



'in this calculation we consider the gradients H x , Hg, V x £ and V y £ as column vectors. 
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Note that to bound the first remainder term we had to require the exis- 
tence of a continuous derivative H x gg, and we also needed a uniform bound 
on ip (which is in B) and on i? (which then follows from what was shown 
at the beginning of the proof of Lemma 6). The square bracket term in 
(A. 16) is thus 

[...] = <0, V%y ) - A-^Vbfcftf + 0(|tf| 2 ), Ay/ + O(|0|)) 

= W| 2 ), (A.18) 

where we used that A -1 is bounded. (The latter follows from Lemma 8 (ii) 
and the continuity of A, since ip is in the compact set B which does not con- 
tain any critical points, and since \ip'\ = length^) > a.e..) Now combining 
(A. 16), (A. 17) and (A.18), and choosing ao sufficiently close to 1, we find 
that 

c> £ % £ ,^)| £=0 < -\m B \$\ 2 + (1 - ao) • c|tf| 2 < -c|t?| 2 = -crj(a) 

for some constants c, c > 0, and thus d £ S(j £ )\ £= o < —c f ao 77(a) da < 0. 

It remains to justify the exchange of limit and integral in (A. 14). Using 
the mean value theorem and Lebesgue, this boils down to finding a bound 
on (A. 15) that is uniform in both e > and a £ [ao, 1]. But this is a straight 
forward estimate since t9 £ and A" 1 are uniformly bounded in a and e (for 
reasons similar to the ones used for $ and A -1 above). □ 
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Part II 

Proofs 

6 Finding Points with Local Minimizers 
6.1 Proof of Proposition 2 

The key to the proof of Proposition 2 is that the condition Vy ^ 0: 
£(x,y) > implies that we can locally estimate \y\ < -£(x,y) for some 
fx > 0, which in turn will provide us with a quick way to locally bound the 
length of a curve by its action. Since minimizing sequences have bounded 
actions, their lengths must therefore be bounded as well, and we can apply 
Proposition 1. 

Proof of Proposition 2. We will prove the stronger condition of Remark 2 (ii) . 
Let rj > be given. Since mini y i =1 £{x, y) > 0, there exists an e > such 
that B £ (x) C D and 

fx := min £(w,y) > 0. 
weB e (x) 

ll/l=l 

Using Definition 1 (i), this implies that 

Vw€S e (x)Vy^0: £(w,y) = \y\£(w, f { ) > fi\y\, (6.1) 

and for y = this relation is trivial. Let c\ = ci(B E (x)) > be the constant 
given by Lemma 4 (ii), let v := minje, ^j-, ^-}, and finally use Assumption 

(D) to choose r G (0, |e] so small that for Vu; G l? r (x) n D G r™: 
length(7) < za 

Now let xi, x 2 G B r (i) n £>. For i = 1, 2 let 7* G with length^*) < i> 
and thus in particular 7* C B u (x) C B £ (x), and let 7 := — 7 1 + 7 2 G F^. 
Since 7 C B e (x), we can use Lemma 4 (ii) to find that 

inf 5(7) < 5(7) < ci length^) < 2c x v. (6.2) 

Next, let ((p n )n£N C C^(0, 1) be a parameterization of a minimizing se- 
quence (7n)neN of P(xi,X2). We claim that 

3n GNVn>n : 7„ C B £ (x). (6.3) 

Indeed, if this were not the case then we could find a subsequence (^ nfc )neN 
such that VA; G N 3a G [0,1]: \ip nk (a) — x\ = e. Letting a& ■= 
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minja G [0,1] | \ip nk (a) — x\ > e} G (0,1) and applying (6.1), we would 
then have 



S(7n k ) > / i(<p„ k ,(f' nk )da 



> /W \fL\da 



= H\<Pn k (ptk) ~ <Pn k (0)\ 

= n\{ip nk (a k ) - x) + (x- Xi)\ 

> n(\ipn k (a k ) - x\-\x- xi |) 

> |U(e — r) > i//e. 



(6.4) 



Taking the limit k — > oo and using the minimizing property of (7n)neN and 
(6.2), we would thus find that \\xe < 2c\iy, which contradicts our definition 
of v. This proves (6.3), which allows us for Vn > hq to apply (6.1) on the 
entire curve j n , and so we find that we have 

S(rfn)= £{<Pn,<Pn)da> [i \(p' n \ da = /i ■ length (^ n ) (6.5) 

J J 

for Vn > no, and thus 

sup length (j n ) < - sup S(j n ) < oo. 

n>no A* n>no 

We can now apply Proposition 1 and conclude that the problem P(x\,X2) 
has a strong minimizer 7* G fulfilling 

length(7*) < liminf length (7„) < — liminf £(7 n ) = — inf £(7) < Cl < 77, 

where we used (6.5), the minimizing property of ('JnjneN, (6-2), and the 
definition of v. □ 



6.2 Proof of Lemma 14 

To prepare for the proof of Lemma 14 we first need to collect some properties 
of the functions f s and f u of Definition 9. 
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Lemma 20. The functions f s and f u of Definition 9 are finite-valued and 
continuous. Furthermore, 

(i) f s G C l {B s \ {x}) and f u G C 1 (B U \ {x}); 

(ii) Vwe5 s \{x}: {Vf s (w),b(w)) = -\b(w)\, (6.6a) 
VweB u \{x}: (Vf u (w),b(w)) = \b(w)\; (6.6b) 

(Hi) Vw G B s : f s (w)>\w — x\, (6.7a) 

Vw G B u : f u {w) > \w — x\; (6.7b) 

(iv) V compact K C B s 3c§ > 1 Vu> G K : f s (w) < c^\w — x\, (6.8a) 

V compact K C B u 3c§ > 1 Vu> G K : f u {w) < cs|w; — x\. (6.8b) 

Proof. See Appendix B. □ 

Proof of Lemma 14- Let us assume first that x is an unstable equilibrium 
point. Let a > be so small that B2a( x ) C -B U) abbreviate M := M° = 
/~ 1 ({a}), and define 

J min{/ n (w) - a,a} if w € J3 U , 
Jm(w) := <^ (6.9) 
la else. 

Then /a/ is continuous on D. Indeed, f u is continuous on B u , and for 
G -B„ \ B2 a (x) we have f u {w) > \w — x\ > 2a by (6.7b) and thus 
f\i{w) = a. It now remains to show the properties (i)-(iv) of Definition 8. 

(i) f M (w) = O {w£B u and / n (w) = a) & w G /^({a}) = M - 

(ii) M is closed as a level set of the continuous function fu- M is bounded 
since M C B a (x): Indeed, if w G M then |u> — x\ < f u (w) = a by (6.7b). 

(hi) Let wo G M, i.e. f u (wo) = a. In particular, we must have wq 7^ 2;, 
since f u (x) = by definition of /„. Since B u is open, there exists an e > 
such that B £ (wq) C B u \ {x}, and thus f u is C 1 on B £ (wq) by Lemma 
20 (i). Since / u is continuous, we can also choose e > so small that 
\/w G B £ (wo) : f u {w) G (|, 2a), which in particular implies that fu = fu~ a 
on B £ (wo), and thus that /m is C 1 on B £ (wq) as well. Since ico £ M was 
arbitrary, this shows that there exists a neighborhood of M on which fu is 
Ci, with V/m = V/„. 

(iv) Consequently, we have for \/w G M that (Vf'M(w),b(w)) = 
(Vf u (w),b(w)) = \b(w)\ by (6.6b). Since M C B u \ {x} as seen in part (iii), 
we have for \/w G M that b(w) 7^ and thus (V/m(w), &(^)) > 0. 

If x is a stable equilibrium point then the proof is carried out analogously, 
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except that we replace f u by f s and then multiply the definition of fu by 
— 1. In this way, in the proof of (iii) we will find that V/jv/ = — V/ s on M, but 
since in the proof of part (iv) we will now have to use (6.6a) instead of (6.6b), 
we will still find that (Vf M (w), b(w)) = -(Vf s (w), b(w)) = +\b(w)\ > 0. □ 

6.3 Admissible Manifolds 

In preparation for the proofs of Propositions 3 and 4, we will now collect 
some properties of admissible manifolds. Before proceeding, the reader is ad- 
vised to review Definition 8 which we will soon use without further reference. 

Lemma 21. If M is an admissible manifold then 

Vx e M Vt G M: sgn(/ M (^(x,t))) = sgn(t). (6.10) 

In particular, we have ip(x,t) £ M if and only if t = 0, which shows that 
admissible manifolds cannot be crossed by the same flowline more than once. 

Proof. Let x G M. Clearly, (6.10) holds for t = by Definition 8 (i). 
Suppose now that there were a t > such that /m(V , ( 3; ) *)) — 0- Then 

T:=wf{t>0\f M (il>(x,t)) < 0} 

would be well-defined, and since 

d t f M (i;(x,t))\ t=0 = <V/ M (V(x,0)),^(x,0)> = (Vf M (x),b(x)) > 

by Definition 8 (iv), we would have T > 0, 

f M (if>(x,t)) > forWG(0,T) (6.11) 

and w := tjj(x,T) G ({0}) = M. Since tjj(x,t) = \fj(w,t — T), (6.11) can 
be rewritten as 

f M fy(w,t))>0 for ViE (-T,0). 
But this would mean that 

(Vf M (w),b(w)) = dtf M (^{w,t))\, =Q 




=f M (w)=0 >0 for te(0,T) 



which contradicts property (iv) of Definition 8. Consequently, we must have 
fM(tp(,x,t)) > for Vi > 0, and with an analogous argument one can show 
that /Af^rc,*)) < for Vi < 0, concluding the proof of (6.10). 

In particular, if a flowline crosses M at some point x then (6.10) implies 
that for \ft / we have /m(^(x, *)) / and thus ip(x, t) <£ M. □ 
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Corollary 3. If x G D lies on a limit cycle ofb then there is no admissible 
manifold M with x G tp(M,R). 

Proof. If x G D lies on a limit cycle then we have ip(x, T) = x for some T > 0. 
If there existed an admissible manifold M, a w G M and atGE such that 
ip(w,t) = x then we would have ip(w,T) = ip(x,T — t) = tp(x, —t) = w G M, 
which contradicts Lemma 21. □ 

In particular, this shows that we cannot use Proposition 3 to prove that 
a given point on a limit cycle has local minimizers. Proposition 5 (ii) of 
Section 4.3 explains why this had to be the case: For actions S G Hq points 
on limit cycles do not have local minimizers. 

The next lemma (which is used in the proofs of Corollary 4 and Lemma 27) 
allows us to deform a given admissible manifold and turn it into a new one. 
With a smart choice of the function /3(x) this new manifold can have addi- 
tional useful properties. 

Definition 11. For any p G C^AM) we denote by tpp G C^DxM,!)) the 
flow corresponding to the vector field f3 ■ b. 

Lemma 22. Let ft G C (_D,R). If M is an admissible manifold and T6l 
then also the set M' := ipp(M,T) is an admissible manifold. 

Proof. We will show that the continuous function /m'( x ) := fM(^/3( x , ~T)), 
x G D, has the four properties of Definition 8. 

(i) fM'(x) = / M (^(x,-T)) = & 1>p{x,-T) G M x G 
#(M,T) = M'. 

(ii) M' = ipj3(M,T) is compact as the continuous image of a compact set. 

(iii) Denote by N an open neighborhood of M on which /a/ is C . Then 
fwix) is C 1 wherever ^g(x, — T) G N, i.e. where x G i>p(N, T) =: TV 7 D M'. 
Since ,T) has a continuous inverse (namely , —T)), N' is an open 
neighborhood of M'. 

(iv) Suppose that there exists an xo G M' such that (VfM'(xo),b(xo)) < 0, 
and let w := ipp^Q, —T) G M. The functions 

ft(x) := f M (M x > -*))> t G M, x G D, 

are C 1 in (t,x) wherever ipp(x, —t) G iV, and thus in particular where x = 
ip/3(w,t). Therefore the function 

g{t) := <V/t(^Kt)), 6(#(w,t))>, i G M, 
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is well-defined and continuous, and since /o = fu and fx = Jm'-> it fulfills 

9(0) = (V/mW,6W) > and g(T) = {Vf M '{x ),b(x )) < 

(the first estimate is property (iv) of the admissible manifold M). This 
shows that 3i G (0, T] : g(t ) = 0, and abbreviating v := ipp(w, to), we find 
that 

= P(v)g(to) = (Vf to (v),(3(v)b(v)) = d T f to (^(v,r))\ T=0 
= d T f M {il>p{v,T - *o))| T=0 = 9 T f M (^(w,r))\ T=Q 
= (Vf M (w),f3(w)b(w)) = P(w)g(0) 

and thus (3(w) = 0. In particular, this implies that 

tpp(w, t) =w for V< G K, (6.12) 

which enables us to compute an explicit formula for the function h(t) := 
Vij}p(w,t): We have h(0) = I (since ipp(x,0) = x for Vx G D) and 

h(t) = V x M^t)\ x=w = V x [(/3b)(^(x,t))] \ x=w 

= (V((3b))(^(w,t))V^(w,t) = (p(w)Vb(w) + b(w) ®V/3(w))h(t), 

=w =h(t) =0 

and so S/tjjp(w,t) = h(t) = exp(b(w) ® £V/3(w)) for Vi G M. Again using 
(6.12), we thus obtain the contradiction 

g(t ) = (Vf t0 (w),b(w)) 

= V/a*- -*o))V-0/3(w, -t )b(w) 
= Vf M (w)e b ^^- t0 ^ w h(w) 
= (Vf M {w),b{w))e- to{w{w) ' b{w)) 

> 0. □ 

In other words, if one lets the points on M follow the flow /3b for a fixed 
amount of time then one obtains a new admissible manifold. As a direct 
consequence we obtain Corollary 4, which in turn will reduce the proof of 
Proposition 3 to points x G M only. 

Corollary 4. If x G tp(M, R) for some admissible manifold M then there 
exists another admissible manifold M' such that x G M' . 
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Proof. Let x = tp(w,T) for some w G M and some T G R . Then x G 
M' := ip(M,T), and by Lemma 22 (applied to /? := 1) M' is an admissible 
manifold. □ 



The following lemma defines two functions z(x) and i(x) on the set 
ip(M, R) (that is the union of all the flowlines of b emanating from M). These 
functions are used extensively throughout the rest of this paper, in particular 
in the proof of Lemma 27 to define a function /3 for use in Lemma 22, and in 
the proofs of Lemmas 24 and 27 to define certain "flowline tracing functions" 
from admissible manifolds. 

Lemma 23. Let M be an admissible manifold. Then ip(M, R) is open, 
and there exist two functions z G C 1 (tp(M,R), M) and t G C^^M, R),R) 
whose values are the unique ones fulfilling 

Vx G Y>(M, M) : z(x) G M and ip{z{x), t{x)) = x. (6.13) 

Furthermore, we have for Vx G "4>{M, K) 

Vz(s) 6(z) = 0, (6.14) 
(Vt(x),6(s)) = 1, (6.15) 

x G M <S> t(x) = <S> z(x) = x. (6.16) 

Proof. Let us abbreviate A := ip(M, K). The existence (but not the smooth- 
ness) of two functions z{x) and t(x) fulfilling ip(z(x),t(x)) = x is clear 
by our choice of their domain ip{M, R). To show uniqueness, let x £ A, 
z\,Z2 G M and £i, £2 G R fulfill ip(zi,ti) = x = tp(z2,t2). Then we have 
ip(z±,ti — 12) = ^2 G M, and Lemma 21 tells us that t\ — t2 = 0, i.e. ii = *2- 
This in turn implies that Z2 = ip(zi,ti — t2) = ip(zi,0) = z\. 

To see that the functions z and t are C 1 on A, let x G A Let e > be 
so small that fu is C 1 on 5 £ (z(x)). Since ip(x, —t(x)) = z(x), there exists 
a neighborhood ?7 of (x,t(x)) such that \/(w,r) G £/ : ^(10, — r) G i? £ (z(x)). 
In particular, the function F(w,t) := fM(ip(w } — r)) is C 1 on [7. Since 

F(<M(s)) = / A/ (^(x,-t(x))) = = 

and d T F(x,t(x)) = -{Vf M {^{x, -t(x))) , b(^(x, -t{x)))) 
= -(Vf M (z(x)),b(z(x)))^0 

by Definition 8 (i) and (iv), we can apply the Implicit Function Theorem 
to obtain a C 1 -function t(w), defined in a neighborhood V of x, such that 
for \/w G V we have = F(w,t(w)) = fM(ip(w,—t(w))), i.e. z(w) := 
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ip(w, —t(w)) € M. By definition of z we have tp(z(w), t(w)) = w for Vu> € V, 
which tells us that (i) V C A, proving that A is open, and (ii) t = t\y and 
z = z\v (because of the uniqueness of the functions z and t). Since t and z 
are C , the latter shows that t and z are C 1 on V, and thus on all of A. 

To show (6.14) and (6.15), we evolve both sides of (6.13) by some small 
time r and find that tp(z(x),t(x) + r) = r), i.e. 

z(ip(x, t)) = z(x) and t(ijj(x, r)) = i(x) + r. 

Differentiating with respect to r and setting r = 0, we obtain 

= Vz(^(x,0))?/>(x,0) = Vz(x)6(x) and 

1 = <Vt(V(x,0)),^(x,0)> = (Vt(x),6(s)). 

It remains to show (6.16). If x € M then the equation ip(x, 0) = x and the 
uniqueness of the representation (6.13) imply that t(x) = 0. If t(x) = then 
by (6.13) we have x = ip(z(x),0) = z(x). Finally, if z(x) = x then x G M 
since z takes values in M. □ 

With this new notation we can now rephrase Lemma 21 as follows. 

Corollary 5. Let M be an admissible manifold, and let t(x) be the corre- 
sponding function given by Lemma 23. Then we have 

Vx e i/>(M,R) Vt G R: sgn(/ M (^(x, *))) = sgn(t(x) (6.17) 
VxG^(Af,IR): sgn(/ M (x)) = sgn(t(x)). (6.18) 

Proof. Using (6.13) we can write 

sgn(/ M (^(x,i))) = sgn(/ A/ (^(z(x),t(x) + t))), 

and since z(x) € M, we can apply Lemma 21 to obtain (6.17). To prove 
(6.18), set t = 0. □ 

6.4 Flowline Tracing Functions 

The purpose of this section is to find a replacement for the local bound 
£{x,y) > n\y\ that was used in (6.4) and (6.5) to bound the length of a 
curve in terms of its action. Without the condition of Proposition 2, our 
only lower bound on i(x,y) is (2.6), which vanishes if y = cb(x) for some 
c > 0. As a result, curves that follow the flowlines of b could be arbitrarily 
long and have zero action. We thus need to exclude the possibility that the 
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curve follows the flowlines of b for arbitrarily long distances, for example 
because these flowlines lead far away from the desired endpoint. 

To quantify this idea, consider for example the constant vector field 
b(x) = bo G W 1 ' \ {0}. In this case, if 7 C K and if the start and end point 
of 7 are confined to a ball B r (x) then we have 

5( 7 )= I' da >c 2 [ l (\b Q y\-(b Q ,<p'))da 
Jo Jo 

= c 2 {\b \ length( 7 ) - (6 , <p(l) - <p(0))) 
=► length( 7 ) = 4^5(7) + < 1 fe T ,v(l)-y(0)>< 4^5(7) +2r, (6.19) 

where C2 = c 2 (K), and again we have found a bound for the length of 7 in 
terms of its action. 

For non-constant vector fields b however, things are not that easy. We 
will have to lay out a non-cartesian coordinate grid that is compatible with 
this idea, i.e. one whose "6-coordinate" increases at unit speed along the 
flowlines of b. The manifold consisting of all the points with vanishing b- 
coordinate can be crossed by the flowlines of b only in one direction, which 
leads us to the definition of admissible manifolds. The notion of such a 
coordinate grid is made precise by the following definition. 

Definition 12. A function f: D — > M is said to trace the flowlines of the 
vector field b: D — >■ W 1 between the values q\ and q 2 (for two real numbers 
qi < Q2) if 

(i) f is continuous on D, 

(ii) f is continuously differentiate on E := / _1 ((qi, q 2 )) , 
(in) we have either (Hi. 1) \/x G E: (Vf(x),b(x)) = \b(x)\, 

or (Hi. 2) \/x e E: (V/(s), b(x)) = -\b(x)\. 

Property (iii) says that on the region E, f increases or decreases at 
unit speed in the direction of the flow b, and thus for x G E, f(x) can be 
interpreted as the value of the 6-coordinate of x. Note that if a function / 
traces the flowlines of b between q\ and q 2 and if (q~i,q 2 ) C (qi,q 2 ), then / 
also traces the flowlines of b between q\ and q 2 . 

The following lemma, which is used in the proof of Proposition 3, shows 
how to construct a flowline tracing function from an admissible manifold. A 
corresponding statement for Proposition 4 is given by Lemma 27. 



75 



Lemma 24. Let M be an admissible manifold. Then there exists an e > 
and a function f G C(D,M) such that 

(i) r 1 ({0})=M, 

(ii) f traces the flowlines of b between the values —e and e, 
(Hi) E is a compact subset of D, where E := e,e)), 

(iv) Vx G E: b(x) 7^ ; and 

(v) sup xeE |Vf(x)| < 00. 

Proof Abbreviate A := ip(M, R), let z G C 1 (A,M) and t G C 1 (A,R) be the 
functions given by Lemma 23, and define the function g G C l {A, M) by 

g(x):= \b(iff(z(x),T))\drr for Vx G A, (6.20) 

i.e. |g(x)| is the length of the flowline segment between x and z{x). First 
note that by Remark 5 we have b(z(x)) 7^ and thus b(ip(z(x), r)j / for 
Vr G R. This shows that g is C 1 and (using (6.20) and (6.18)) that 

sgn(p(x)) = sgn(t(x)) = sgn(/ A /(x)) for Vx G A. (6.21) 

Since A is open by Lemma 23 and contains the compact set M, there 3e > 
such that N 2£ (M) C A. Since for Vx G G := g~ l ((-2e, 2e)) we have 

\x — z(x)\ = \ip(z(x),t(x)) — ip(z(x), 0) I 

C*(x) _ ft(x) 

V?(z(x),r) dr = 



< 



t(x) 



\b(ip(z(x), r)J I dr 



b(ijj(z(x), r)) 
| 5 (x)| < 2e, 



we have G C iV" 2£ (M) C A. Finally, we set D 
L> + := ((0, 00)), and we define the function /: D 



/a/((-°°> 
E as 



g(x) if x G G, 
-2s ]fx€D~\G, 
2e if x G £>+ \ G. 



0)) and 



(6.22) 



Note that / is well-defined since the three cases are defining / on disjoint 
sets whose union is all of D. Indeed, since /^({O}) = M C A, (6.21) 
implies 

/m 1 ({0})=3- 1 ({0}) (6.23) 

and thus D \ (D~ U D+) = / A "/({0}) = g^({0}) C G. It remains to show 
that / has the desired properties (i)-(v) of Lemma 24. 
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(i) Using (6.22)-(6.23) we find that = 5 _1 ({0}) = /m({0}) = M. 

(ii) To check that / traces the flowlines of b between the values — e and e, 
we have to check the three properties of Definition 12: 

(11.1) For any set B C D let us temporarily (i.e. for this part (ii. 1) only) use 
the notation B to denote its closure in D. Clearly, / is continuous on each 
of the three parts of the domain. To see that / is also continuous on the 
boundaries of these regions, we use that G is open, (6.23), (6.21), and that 
G C ^ 1 ([-2e, 2e\) (since G C N 2e {M) C A), to obtain 

(D~ \ G) n (£>+ \ G) = (D^riD+)nG c 

c / A -/((-oo,o])n/^/([o,oo))nG c 

= / A/ 1 ({0})n 5 - 1 ((-2 £ ,2e)) c 
{6 = 3) g~ l ({O})n g ~ 1 ((-2e,2e)Y = 0, 

{D- \ G) n G = Wc\G c C\G 

C fu 1 ((-oo, 0]) n g- 1 ((-2e, 2e)) c n g~ l ([-2e, 2e]) 
= /^ 1 ((-oo,0])n 5 - 1 ({-2 £ ,2 e }) 
^ 6 = ^ g _1 ({— 2e}), and similarly 

(D+\G)HG C ff- 1 ({2e}). 

(11.2) / is C 1 on G since f\ G = g\ G and g is C 1 . Since G = ((-2e, 2e)) = 
/ -1 ((-2e,2e)) D JS, this shows that / is G 1 on E. 

(11.3) This also shows that for Vx £ G 3 £ we have 

V/(x) = Vg(x) 

= \b(ip(z(x),t(x))) \Vt(x) 

+ J {-TjT-){^(z(x),T))Vi>(z(x),T)dT ■ Vz(x), 

so (6.13)-(6.15) imply that (V/(x), £>(x)) = \b(x)\. 

(hi) The continuity of / implies that E C / _1 ([— e, e]) = <7 _1 ([— e,e]) C 
G C N2 £ {M). Since N2 e (M) is compact, this shows that -B is a compact 
subset of G C D. 

(iv) This is a consequence of Remark 5 since E C G C A = ip(M,WL). 

(v) This follows directly from our proofs of parts (ii.2) and (iii) where we 
showed that / is G 1 on the set G which contains the compact set E. □ 
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As we see, we cannot expect to cover all of D with our grid, but only 
some set E = / ((<?i, 92))) and so our generalized version of the estimate 
(6.19), given in Lemma 26, must be restricted to E as well. To do so, 
we need to introduce the continuous function h®, which is equal to the 
identity on [(71,(72] and constant outside of [(71,(72]- Two properties are given 
in Lemma 25. 

Definition 13. For any two real numbers q± < q 2 we define the function 
fc£:R->- [qi,q 2 ] by 

h q q \(a) := min(max(a, qi),q 2 ). 

Lemma 25. For\/ai,a 2 £±R we have the estimates 

\hf 1 (a 1 )-hf 1 (a 2 )\<q 2 -q 1 , (6.24a) 
\h%(ai)- h%(a 2 )\ < h-a 2 |. (6.24b) 

Proof. The estimate (6.24a) holds because h q q \ maps into [qi, q 2 ], (6.24b) just 
says that h q q \ is Lipschitz continuous with Lipschitz constant 1, which can 
easily be checked by splitting E into (—00,(71], [(71,(72] and [(72,00). □ 

Lemma 26. Let x\,x 2 G D, 7 € L^, q\ < q 2 , let f : D — > R be a function 
that traces b between the values q± and q 2 , let E := f~ l ((qi, q 2 )) , and assume 
that E is a compact subset of D. Let c 2 := c 2 (E) be the constant given 
by Definition 2, and assume that cq := cq(E) := min^g^ \ b(x)\ > and 
C7 := C7(/, (71,(72) := sup xg£; |V/(:e)| < 00. Then we have 

Iength(7|/-i ((W)9a ))) < ^S{ 7 ) + 2\h%{f(x 1 ))-h%(f(x 2 ))\. (6.25) 

Proof. Let us abbreviate L := length(7|^) and A := hq\{f {x 2 )) — hq\{f {x\)) . 
If L- |A| < Othen 

2r 2 

L - 2|A| < 2(L - |A|) < < —^5(7), 

C2Q3 

so (6.25) is clear. Therefore let us now assume that L— |A| > and thus in 
particular L > 0. Let ip £ C^(0, 1) be a parameterization of 7, and let 

Q := {a € [0, 1] I ip{a) G E and <p'(a) / 0}. 

Using (2.6) and the Cauchy-Schwarz inequality, and using the notation 
u) ■= « for Vroel n \ {0}, we find that 

5(7) > / Zfa f')^aeQ da 
Jo 
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>c 2 [ (\b(<p)\\<f/\-{b(<p),<f/))l aeQ da 
Jo 

= %\ \b(<pW\\b&)-fi\ 2 l a€Q da 



2 

1 1 /iirr^ _,_\2 







£2C6 _ (Jo ~ yjloeoja) 

2 Jq 1 l^'llaeQC?" 



C2C6 

2L 



|</?'| ft(^) - cp'\l ae Qda) . (6.26) 



o 



2 



Now letting a := +1 or a := —1 depending on whether the function / fulfills 
the property (m.l) or (iii.2) of Definition 12, we have a.e. on Q that 

c 7 |v/||%) - 9\ > <V|<V/(p),&(?) - £>) 

= |^| • <r(V/(p), %)} - a{Vf(<p), if') 

= \<f/\-vd a f(<p). (6.27) 

Since hq* o f is Lipschitz continuous (with Lipschitz constant C7), 
/iqj o / o tp is absolutely continuous, and so its classical derivative exists 
a.e. on [0, 1]. We have d a hql(f((p)) = d a f(ip) wherever f((p) £ (91,92), and 
d a hql(f(ip)) = wherever f(<p) £ (91,92) (except possibly at a = 0, 1) be- 
cause hql does not take values outside of [91, 92]- This shows that d a hql(f(ip)) 
= [d a f(ip)]tf^) € ( qu q 2 ), and so (6.27) implies that 

c 7 J \ip'\\b(ip) - (p'\l ae Qda > J (\(p'\ - adufiip^jtufzQda 

= L-af [daf(<p)]^f( v )£( qi , q2 )da 
Jo 

= L-a [ d a h%(f{ip))da 
Jo 

= L — a A 

>L-|A|. (6.28) 
Multiplying (6.26) by Cj and plugging in (6.28), we thus obtain 

c?S(7) > C ^(L ~ |A|) 2 = *£(L - 2|A| + 1^!!) > c 2 c 6 (±L - |A|), 



2L v 1 " 2 V 11 L 
i.e. L < ^-5(7) + 2|A|, and (6.25) is proven. □ 
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Remark 7. If K\ C K 2 , (91,92) C (91,92), and if f traces the flowlines ofb 
between q± and 92, then 

c 2 {Ki) > c 2 (K 2 ), c&{Ki)>cq{K 2 ), c 7 (/,9i,9 2 ) < c 7 (/,9i,9 2 ). 
6.5 Proof of Proposition 3 

Proof. We will again prove the stronger condition of Remark 2 (ii). Let 
x G i/j(M,M) n -D and 7? > be given. By Corollary 4 there exists another 
admissible manifold M' such that x G M'. For this manifold M', Lemma 24 
now provides us with an e > and a function /: D — > K such that the 
properties (i)-(v) of Lemma 24 are fulfilled. By decreasing e > if necessary, 
we may assume that B £ (x) C D. As in Lemma 24 we set E := f~ l ((— e, e)) . 

The set / _1 ({ — f , f }) is compact since it is closed in D and a subset of 
the compact set E C D (see Lemma 24 (iii)). Since it is disjoint from the 
closed set E c we thus have 

A^distt/- 1 ^-!,!}),^) >o. 

Lemma 4 (ii) and Definition 2 provide us with constants c\ := c\{B £ (x)) > 
and C2 := c 2 (E) > 0, and Lemma 24 (iv) and (v) imply that the constants 
C6 := cq(E) and C7 := cj(f,—e,e) defined in Lemma 26 fulfill cq > and 
C7 < 00, so that all the requirements are met to apply Lemma 26 to any 
interval (91,92) C (— e, e). Finally, we define 

. / c 2 c 6 A 77/ cicfv-n 

^ :=mi T' 5^r i( C7+ ^) )' (6 - 29) 

and we let r £ (0, z^] be so small that B r (x) C / (( — §> |)) C E" (which is 
possible because /(j;) = by Lemma 24 (i)), and that for \/w G B r (x) n D 
37 G r^ 1 : length(7) < 1/ (which is possible by Assumption (-D)). 

Now let xi,x 2 G B r (a;) n 5. For i = 1, 2 let 7* G r§ 4 with length^*) < ^ 
and thus in particular 7* C B u {x) C B £ (x), and let 7 := — 7 1 + t -2 G T^. 
Since 7 C B £ (x), Lemma 4 (ii) shows that 

inf 5(7) < 5(7) < ci length( 7 ) < 2c x v. (6.30) 

Next, let (^n)nGN C C^(0, 1) be some parameterizations of a minimizing 
sequence (7 n )neN of P(xi,x 2 )- We claim that 

3no 6 N Vij > no : max fUp n {a)) < e. (6.31) 

aG[0,l] 



SO 



Indeed, if this were not the case then we could extract a subsequence 
(<Pn k )nen such that max a6 [ 0>1 ] f(<p nk (a)) > e for V& G N. Since xi,x 2 G 
B r (s) C /-!((_§, §)), we have (0)) = /(xi) < | and /(y> nfc (l)) = 

f{x2) < §, and thus for Vfc G N there would then be two numbers < a k < 
a k < 1 such that f(<p nk (a k )) = f , f (ip nk (a k )) = e, and f(ip nk (a)) G (|,e) 
for Vq G (dfc, cifc). Applying Lemma 26 with (gi, 52) = (§, e), we would then 
have 



2r 2 



C2C6 



> length 0y n \ f -i 



n k \f-i((e/2,e)) 



*l JL /K)G(e/2,e) 










Wn k \ da 












> 













> 



(Note that Lemma 26 gives us this estimate for constants C2, C6 and C7 that 
are defined using q± = | and 52 = £, but the above estimate still holds 

2c 2 

as is since by Remark 7 the term becomes larger by switching to our 
constants.) Taking the limit k — > 00 and using (6.30), we thus find that 



A < 



2cj 
C2C6 



• 2ctu, 



which contradicts (6.29). This proves (6.31), and with analogous arguments 
one can show that min^ro,!] f(ip n (a)) > —e for large enough n G N. 

After passing on to a tailsequence we may thus assume that 7 n C 
/ _1 ((— e, e)) for Vn G N. Using this additional knowledge, we can now 
apply Lemma 26 one more time (this time with (qi, §2) = ( — s, e)) to obtain 



length(7 n ) = length (7 n L-i 



) 



< 



2c? 
C2C6 
2c 2 



5( 7 „) + 2|/»i 6 (/(xi))-hi e (/(x 2 ))| 



^5(7n) + 2|/(x!)-/(x 2 )| 
c 2 c 6 

2c 2 

< — —S(j n ) + 2\x\ - x 2 | max |V/(u>) 

C2C 6 w€B r {x) 
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2c 2 

< —^S{ ln ) + 4c 7 r (6.32) 
C2C6 

for Vn G N, and thus sup nGN length (7„) < 00. We can now apply Propo- 
sition 1 and then use (6.32), the minimizing property of (7 n ) nG N> (6.30) 
and (6.29) to conclude that the problem P(x\,X2) has a strong minimizer 
7* G T%\ that fulfills 

length^*) < liminf length (7„) 

n— >oo 

2c 2 . 

< 4c 7 r H lim inf Sh n ) 

C2CQ n-i>oo 

2c 2 

= 4c 7 r + ^ inf 5(7) 
c 2 c 6 7 er^ 

2c 2 

< 4c7^ H • 2ci^ 

C2C 6 

= 4,( C7 + ^i) 

V c 2 c 6 / 

<77. □ 



6.6 Proof of Proposition 4 

If b(x) = then the strategy in the proof of Proposition 3 (laying out 
a "6-coordinate grid" around x) breaks down because x cannot lie on an 
admissible manifold. Using the following lemma, we can however lay out 
multiple 6-coordinate grids, each with x on its boundary, that together cover 
a punctuated neighborhood of x. We then have to refine our estimates for 
the curve lengths carefully, by slicing that neighborhood into appropriate 
regions and adding up the bounds that we obtain for each of them. The 
following lemma provides us with the necessary tools for this technique. 

Lemma 27. a) Let x £ D, and let the assumptions of Proposition 4 (i) 
or (ii) for x to have weak local minimizers be fulfilled. Then there exist an 
e > and functions f\, . . . , f m G C(D, [0, 00)) such that for Mi = 1, . . . , m 

(i) fi(x)=0, 

(ii) fi traces the flowlines ofb between the values and e, 
(in) Ei is a compact subset of D, where Ei := / i _1 ((0,e)) ; and 

(iv) VweEi\{x}: b(w)^0. 
Furthermore, 

(v) 3c$ > \/w G B £ (x) : max{ f 1 (w), f m (w)} > c 8 \w - x\. 
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b) In addition, if the assumptions of Proposition 4 (i) or (ii) for x to have 
strong local minimizers are fulfilled, then 

(vi) Mi = 1, . . . ,m: swp w€E . |V/j(tu)| < oo, and 

(vii) _cg > 1 Vu) G B e (x) : max{/i(w), . . . , f m (w)} < c 9 \w - x\ . 

Observe that since this lemma takes a vector field b and provides us 
with corresponding functions fi, the properties (3.7)-(3.8) (which do not 
concern b) are not needed for its proof (they will only be used in the main 
part of the proof of Proposition 4). The only additional condition that we 
will use for proving (vi)-(vii) is that in the saddle point case we have Del 2 . 

Proof. Here we will only prove the statement for the case that x is an at- 
tractor or a repellor of b, where - as we will see - only one flowline tracing 
function f\ is enough, i.e. we can take m = 1. The much harder proof for 
the case of a saddle point is the content of Part III. 

Let us first deal with the case in which x is an attractor of b. Let e > 
be so small that B e (x) C B s , where B s is the basin of attraction of x, let 
f s : B s — > [0, oo) be the function given by Definition 9, and finally define 

(/» ift_ e/.^flo,.)), , fi ^ 

AM : = \ , (6-33) 

I e else. 

We will now show that f± fulfills the properties (i)-(vii) of Lemma 27. 

(i) A(x) = f s (x) = 0. 

(ii) To show that f\ traces the flowlines of b between the values and e, we 
have to check the three properties in Definition 12. 

(11.1) Clearly, f\ is continuous on D\ := / s _1 ([0, e)) and on D 2 := D \ D\. 
D\ is open since it can be written as /~ ((— oo, e)) , and thus D 2 is closed 
in D. To show that f\ is continuous on all of D it thus suffices to show that 
for any converging sequence (w n ) n ^ C D\ with w := lim n _ s>00 w n G D 2 we 
have limn._j.oo fi{w n ) = fi(w). To do so, first note that by (6.7a) we have 
D\ C B £ {x), which implies that w G B e (x) C B s and thus lim n _ KX) f s {w n ) = 
f s (w). Now since f s {w n ) G [0, e) for Vn G N, we have f s (w) G [0, e], and thus 
w G D 2 implies f s (w) = £■ We can now conclude that linin^oo f\{w n ) = 
\mx n ^. 00 f s {w n ) = f s (w) = e = fi(w). 

(11.2) We have E x := /f '((O^)) = /"^(O^)) and thus h\ El = Ak- Also, 
we have E± C B e (x)\{x} C £? s \{x} by (6.7a) and since f s (x) = 0. Therefore 
by Lemma 20 (i), f s and thus also f\ is C 1 on E\. 
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(ii.3) Since f\ = f s on the open set E\ C B s \ {#}, we have V/i\e 1 = Vf s |si 
and thus Vu> G E\ : (V/i(u>), b(w)) = (X7f s {w),b{w)} = -\b{w)\ by (6.6a). 

(hi) We have E\ C B e (x) C B s C D, and so E\ is a compact subset of D. 

(iv) The relation shown in part (hi) implies Ei\{x} C I? s \{x}, and since x is 
the only point in B s with zero drift, this shows that \/w G E\\{x} : b(w) 7^ 0. 

(v) Let w G B £ (x). liw G / s -1 ([0,e)) then /i(w) = / s (w) > \w-x\ by (6.7a). 
Otherwise we have fi(w) = e > |u; — a;|. Thus we can choose cs := 1. 

(vi) In the proof of Lemma 20 (i), an integrable bound on the integrand 
of (B.2) was found that is uniform on a neighborhood of some hxed w € 
B s \ {x}. We can use even easier arguments to hnd an integrable bound 
that is uniform on some punctuated ball B^x) \ {x} (at x the argument 
breaks down since is undefined). This proves that |V/ S | is bounded on 
B v (x) \ {x}, and since V/ s is continuous on B s \ {x}, |V/ S | is thus bounded 
also on the set B £ {x) \ {x} which includes E\. Since we saw in (ii.3) that 
V/iIej = V/sl^, this shows that |V/i| is bounded on E\. 

(vii) Let C5 > be the constant given by (6.8a) that corresponds to K := 
B e (x). Then for Vu> G B e {x) we have fi(w) < f s (w) < c^\w — x\, i.e. we can 
take eg := C5. 

This completes the proof for the case of an attractor. If x is a repellor then 
we replace f s by f u everywhere in our proof, and the only difference will be 
that in part (ii.3) we have Vw; £ E\ : (Vfi(w), b(w)) = +\b(w)\ by (6.6b). □ 

We are now ready to prove Proposition 4. In the part proving that x has 
strong local minimizers we must assume that the reader has read the proof 
of Lemma 3 in Appendix A.l, since we will re- use its terminology without 
further notice. 

Proof of Proposition 4- Preparations. Let x G D, and let the conditions 
of Proposition 4 (i) or (ii) for x to have weak local minimizers be ful- 
filled. Let e,C8 > and the functions fi,...,f m : D — > [0, 00) be given 
as in Lemma 27 a), let Ei := / i ~ 1 ((0,e)) for = l,...,m, and define 
F := max{/i, . . . , f m }. By decreasing e and eg if necessary, we may assume 
that B2e(x) C D and eg G (0, 1). Since b{x) = and since our assumptions 
imply that V6(x) is an invertible matrix, b is locally invertible at x and we 
can further decrease e until 

\b(w)\ > A\w — x\ for \/w G B £ {x) and some A > 0. (6.34) 
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If the additional conditions for x to have strong local minimizers are 
fulfilled then we will at this point first choose p,C4,5 > such that (3.8) is 
fulfilled (where we may assume that p S (0, 1] and thus also that 5 E (0, 1]), 
and then further decrease e until (3.7) holds for some 03 > (where we may 
assume that e € (0, p/c^]). Observe that we will not use these properties 
(3.7)-(3.8) during the first part of our proof (where we show that x has weak 
local minimizers). This ends our definition of e. 

In either case, for every i = l,...,m, the set /j _1 ({^}) is compact 
since it is closed in D and a subset of the compact set Ei C D (see Lemma 
27 (hi)). Since it is disjoint from the closed set f^ 1 ((0, cse))° we thus have 

A:= min dist(V({£|£}), /-*(((), c 8 e)) c ) > 0. 

Next we let c\ := ci{B2 £ {x)) > as given by Lemma 4 (ii). Also, defining 
E := IJ™! Ei D i ?_1 ((0, e)), the set E = IJ^Li ^ s a compact subset 
of D by Lemma 27 (iii), and so Definition 2 provides us with a constant 
c 2 := c 2 {E) > 0. Defining E[ :^fr 1 ((£f,c 8 e)) C E { for Vt = l,...,m, 
the constant cq := mini<j< m cq^E'^ defined in Lemma 26 fulfills C6 > by 
Lemma 27 (i), (hi) and (iv), and the constant C7 := maxi<j< m C7(/j, cge) 
defined in Lemma 26 is finite since V/j is continuous on Ei D by Lemma 
27 (ii), and since ^ is compact by Lemma 27 (iii). Finally, we define 

v := minle, °^ C% „ 1, (6.35) 
I 5cicf J 

and we let r G (0, z^] be so small that 

Br^cr^tO.f)) (6.36) 

(this is possible since F > 0, F is continuous, and F{x) = by Lemma 27 (i)), 
that 

min |b(tf)| < min |b(^)| (6.37) 

w£B s (x)\B r (x) w£E\B E {x) 

(this is possible since b{x) = 0, and since E \ B £ (x) is a compact set on 
which b / by Lemma 27 (iii)-(iv)), and that for Vw £ B r (x) n D 37 G T™: 
length(7) < v (this is possible by Assumption (D)). 

If the additional conditions for x to have strong local minimizers are 
fulfilled then we will in fact show the stronger property in Remark 2 (ii), 
so let rj > be given. Under these conditions, Lemma 27 (vi) says that 
the constant C7 := maxi<j< m cj(fi, 0, e) defined in Lemma 26 is finite, and 
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Lemma 27 (vii) gives us a constant eg > 0. We then decrease r further so 
that 

< r), where a := l+x + 4mc 9 e 1_d . (6.38) 



Again observe that we will not use the constants cj and eg and the estimate 
(6.38) during the first part of our proof. This ends our definition of r. 

Weak local minimizers. Now let 2:1,2:2 £ B r (x) n -D, let (7 n )«eN C be a 
minimizing sequence of P(xi, X2), and let us assume that each curve "y n visits 
the point x at most once (otherwise we may cut out the piece between the 
first and the last hitting point of x, which can only decrease the action of the 
curve). Denoting by (<£> n )ngN C (7(0,1) their arclength parameterizations 
given by Lemma 1 (i), we first claim that for sufficiently large n £ N we 
have 

max F(ip n (a)) < c$e. (6.39) 

oe[o,i] 

Indeed, if this were not the case then we could extract a subsequence 
( ( Pn k )keN such that for some io and Vfc G N we had max aG r 0> i] /« (^n fc (a)) 
> cge. Since by (6.36) we have fi (x\) < F{x\) < \c$e and similarly 
fi ( x 2) < 2 c 8 £ j we could then use the same arguments as in the proof 
of Proposition 3 (only here with Lemma 26 applied to fi and ((71,(72) = 
(^css,cse)) and Remark 7 to conclude that 

2c 7 (/, ,^,c 8£ ) 2 2c? 

A < ; ■ 2c\v < — - • 2c±u, 

c 2 {E> o )c 6 (E> o ) -c 2 c 6 

contradicting (6.35). This proves (6.39) for large enough n G N, and so after 
passing on to a tailsequence we may assume that (6.39) holds for Vn £ N. 

In particular, this implies that j n C B e (x) for Vn S N. Indeed, otherwise 
there would be a point w on 7„ such that \w — x\ = e, and Lemma 27 (v) 
and (6.39) would then imply that c$e = cs\w — x\ < F(w) < c$e. As a result, 
we are allowed to apply the estimate in Lemma 27 (v) (and later also the 
one in Lemma 27 (vii)) to all points on the curves j n . 

We will now use Lemma 3 to construct a converging subsequence. In order 
to control the lengths of 7 n away from x, we use (6.39), the definition of F, 
Lemma 26 (whose conditions can be checked as above) and (6.24a) to obtain 
for Vi = 1, . . . , m and Vii G (0, cge) constants cst(i, u) > (independent of x\ 
and x 2 ) such that 



^F(z)>u\dz\= / tF(z)£{u,c s e)\dz\ 

J ~Yn 
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lib n 

- Yl / 1 / I (^)6(n,C8£) \ dz \ 
i=l J 1n 
m 

< [cst(i,u)S( ln ) + 2\hr(fi(xi)) - Kf{h{x 2 ))\ 



< [ y^cst(i,u))S(^ n ) + 2m(c 8 £ - u) 



i=l 

m 

< (y^cst(i,u)) sup5(7j) + 2mc 8 e =: rj(u). (6.40) 

For u > cge this estimate holds with rj(u) := by (6.39). We could now use 
that B u (x) c C i 7-1 {(cqu, oo)) by Lemma 27 (v) to check the condition (2.3), 
but in preparation for the second part of this proof we will instead make use 
of the remark at the beginning of the proof of Lemma 3, which says that 
the estimate (6.40) is enough as is, and we will consider the construction 
and terminology of that proof, using our function F (instead of the function 
F(w) = \w — x\), c := eg, K := B £ (x), and Uf. ■= r2~ k , where 

r := max F(w). (6-41) 

w£B r (x) 

Thus, by Lemma 3 there exist parameterizations (p n G C^(x) of 7„ such 
that a subsequence of (v?n.)neN converges to a parameterization (p* G C^(x) 
of a curve 7* G F^(x). We have 7* C B e {x) = K since 7 n C B £ (x) for 
Vn G N, and in particular we can apply the estimate in Lemma 27 (v) (and 
later also the one in Lemma 27 (vii)) to every point on 7*. By (A. 9), i.e. the 
generalized version of (2.4), we therefore have 

length (7* | 5u(a;)c ) = / t\ z - x \ >u \dz\ < / t F{z)>CsU \dz\ < r](c 8 u) =: fj(u) 
J 7* j 7* 

for \/u > 0. Finally, by Lemmas 4 (iv) and 12 we have 

5(7*) <liminfS(7„) = inf SM = mf 5(7), (6.42) 
n ^°° 7er^ 7gf -2 

and since 7* G we must have equality, i.e. 7* is a weak minimizer of 
P{x\,X2)- This concludes the proof that x has weak local minimizers. 

Strong local minimizers. Now let the additional conditions of part (i) or (ii) 
be fulfilled. To show that x has in fact strong local minimizers, it remains 
to show that (p* G (7(0, 1) (so that 7* G Y%\) and that length^*) < 77. 
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To show that tp*' G ^ 1 (0, 1) and to estimate length(7*), we now begin by 
proving some properties of the function Foip*. First, note that replacing <p n 
by its reparametrized version (p n in (6.39) and then taking the limit n — > oo 
implies that 

max F(<p*(a)) < c 8 e < e. (6.43) 
ae[0,l] 

Second, taking the limit n — > oo in (A. 6) implies that for Vfc G N we have 

either Va€[0,c£]: F(^*(a)) > u & 
or 99* is constant on [0, djjT ] 

(or both), and the same is true with [0, d k ] replaced by Third, we 

have 

Vn G N Vk G N : F{tp n {\)) < F(cp n (d^ +1 )) < F(y> n («£)), (6.45) 
Vk G N : < F(ip*(d- +1 )) < F(^(d k )), (6.46) 

and the same relations hold with d k and d k+1 replaced by d k and d k+1 . 

Indeed, the left inequality in (6.45) is clear: F(ip n (^)) = F (<p n (a n (h))) 
= F((^ n (a™ in )) < F(Cp n (a n (d^ +1 ))) = F (ip n (d k+1 )) . The second inequal- 
ity in (6.45) can be seen as follows: If a n (dj~) = a n {d k+l ) then we have 
F(<pn(d^ +1 )) = F(<p n (d^)), so (6.45) holds. Also, if I n ^+i = then 
F(Mdk +1 )) = F(y n {a n {d- k+1 ))) = F(£n«in)) < F^ n {a n {d k ))) = 
F(ip n (dj~)), and (6.45) holds as well. Otherwise we have a n (d k ) < a n (d k+l ) 
= min/ njfc+ i, so that a n (d k ) I n ,k+i and thus F(cp n (d^)) = F{ip n (a n (d^))) 
> Uk+i > F((p n (a n (d k+1 ))) = F((p n (d k+1 )). This ends the proof of (6.45), 
and (6.46) now follows by taking the limit n — > 00. The modified statements 
with d k and d k+l replaced by d k and d k+1 can be shown analogously. 

Next, we will prove a minimizing property of <p*, namely that for each 
pair of numbers < si < S2 < \ or i < s\ < S2 < 1 we have 

S(<p% 1>S2] )= inf 5( 7 ). (6.47) 

We will prove this for the case < s\ < S2 < \, the other case can be shown 
analogously. To do so, we denote the left-hand side of (6.47) by S*. If the 
statement were wrong then we could find a curve 70 G r^*[^j whose action 
fulfills a := S* — 5(7o) > 0. By the minimizing property of (7 n )neN and 
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the relation S* = S(ip*\\ sl:S2 ]) < liminfn^oo S(ip n \\ sljS2 \) (which follows from 
Lemma 5 (i)), respectively, we could now choose an n G N so large that 



S( ln )< ini \S(n) + \a 



and 



n\\si,S2\ 



> S* 



1 

4<7, 



and since limn^oo tp n {si) = (f*{si) for i = 1, 2, Assumption (L>) would allow 
us to choose n E N so large that there exist curves 



1 r <p n (si) 



and 



-2 _ pVnfe) 



with length^ 1 ' 2 ) < min{^-,e}. 

Now 7* C B £ {x) and length^ 1 ' 2 ) < e imply that 7 1 ' 2 C B2e(x), and 
so by Lemma 4 (ii) we have the estimates S(— 7 1 ) < ci length^ 1 ) < ja 
and similarly S^ 2 ) < \a. Therefore the curve 7 G T^, constructed by 
removing from -f n the piece given by fn\[ Sl ,s 2 ] an d replacing it by the curve 
— 7 1 + 70 + 7 2 , would have the action 

S{l) = 5( 7 „) - 5(^ n | [ai>a3] ) + S{-f) + 5(70) + 5( 7 2 ) 



< inf 5( 7 ) + |<r) - (S* - \a) + \a + (5* - a) + ±a 
= inf , 2 ^(7), 

which is a contradiction, and (6.47) is proven. 

We are now ready to show that ip*' G ^ 1 (0, 1) and to estimate length (7*). 
Fix VA; G N , and let E\ := f~ l ((u k+2 , e)) C E t C E for V? = 1, . . . , m. 
Using (6.43), (6.44), Lemma 26 applied to the curve given by ¥>*|q- G 

C(d^,dfr +1 ), Remark 7, and (6.24b), we find that 



I tp*'\ da 



'fe+i 



|^*'|l F(¥ ,* )e[ufe+1>e) da 



< 



i=l 
m 

i=i 



fe+i 



(6.48) 



2c 7 (fj,u k+2 ,e) 2 Ql . 
c 2 (^)c 6 (£f) ^ ^ 



+ 2 
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m r 2c 2 



(6.49) 

To estimate c§{Ef), first we argue that 



E\ C \B £ {x) n £*] U [ J B £ (x) c n Ef] C [B 6 (x) n B Uk+2/C9 (x) c ] U [5 £ (x) c n £], 

where we used that Ef C E C E, and that for Vu> G B e {x) n we have 
|io-z| > > > i-e. w G B 6 (x) n Sy,^. 

Furthermore, by (6.41) and Lemma 27 (v) and (vii) we have c%r < r < cgr 



and thus in particular — |jp < ^ < r. Thus, together with (6.37) and (6.34) 



u k+2 

we find that 



c 6 (^)=min{|6H| 

> min {|6(u;)| 

> min {|6(u/)| 
.{\b(w)\ 



mm 



w g E?} 

w G [B e (x) n s„ fc+2/C9 (x) c ] U [B e (x) c n £]} 
io G [5 e (x) n S Mfc+2 / C9 (x) c ] U [B £ (x) n S r (x) c ]} 
u;GB £ (x)nS Ufc+2/c9 (x) c } 



c 9 c 9 c 9 



Assume now that for the given k G No (A. 10a) holds (recall that we denote 
our limit by p* instead of p). Using (6.50), fi > 0, the definition of F, and 
(6.46) and (A. 10a), we can then continue the estimate (6.49) and find that 



Qk i=l 



^ 2 k+3 mcjCg 
~ c 2 c 8 Ar 



S(p\-)+2m[F(^(d^)+F(^(d- k+1 )) 



< 2 +3m f C9 S(<p*\ -) + 2m • 2u k . (6.51) 
C2C%Ar w k ' 

By (3.7) there exist curves ^ G vf (dfc } and t| G rf (dfc+l) with 

length^) < c 3 1 ^((i^T ) - x\ < c 3 e < p, (6.52a) 

length^) < c 3 \p*{d~ +1 ) -x\< c 3 e < p, (6.52b) 



and thus in particular 7^' 2 C B p {x). Let 
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which fulfills 7/0 C B p (x), and let (pk £ (7(0,1) be a parameterization of 
7^ with ^(2) = x. The minimizing property (6.47), (3.8), (6.52a)-(6.52b), 
Lemma 27 (v), and again (6.46) and (A. 10a) now tell us that 



e((p k ,(p' k )da 

< C4 / \tp k — x\ 5 \(p' k \da 

Jo 

< C4 max (pk (a) — x\ • / I ip' k I da 

"G[0,1] Jo 



C4 max 

a6[0,l] 



1/2 



\<p' k \da 



< C4 



\(f' k \da 



1+5 



c 4 length (7 fc 



2x\ l+<5 



c 4 ( length^) + length^)) 



c 3 \ip*(d k )-x\+ c 3 \ip*(d k+1 ) - x\ 



C3 



< C4 

< C4 

V Cs / 



1+5 



C3 



1+5 



= c 4 l - 



f'8 



(6.53) 



Therefore, if (A. 10a) holds then by (6.51), (6.53) and (6.38) we have the 
estimate 



<p*'\ da < 



2 k+3 mcjCg 



2c 3 r2" fe \i+<5 



(2c 3 



I" 



< 



c 2 c 8 Ar 

2 4+5 mcl +s c 4 c 2 7 c 9 



+ 4mcgr2 



c 2 cl +5 A 



+ 4mc 9 e 1 - 5 )r 5 2~ 5k 



ar s 2- Sk . 



(6.54) 



But if instead (A. 10b) holds then ip*' vanishes a.e. on [d k , |] D Q k and thus 
(6.54) is trivial. Therefore (6.54) always holds, and analogously the same 
estimate can be established for Qj. We thus obtain 

f \v*'\da = f]( [ \<p*'\da+ [ \<p*'\da) 
J o k =o J Qk J Qt ' 
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°° 2ar s 
< 2ar 5 Y, 2"^ = y-j-^zj < V (6.55) 

k=0 

by (6.38), i.e. tp*' £ L 1 (0, 1) and length(7*) < rj. To prove the absolute 
continuity of (p* , it remains to show that 

<p*{s) - ip*(0) = [ if*' da for Vs G [0, 1]. (6.56) 
Jo 

This is true for Vs € [0, |) since 93* is absolutely continuous on each Jk, 
and for s = i by taking the limit s / ^ in (6.56) and using dominated 
convergence. Analogously, one can show that f*(l) — ¥>*{s) = J <p*' da for 
all s € [5, 1], and therefore for s £ (^, 1] we have 

<?{*) - <p*(0) = - + (^(|) - ^(0)) - ( v *(l) - ^( S )) 

/■i yi/a /■! 

= / if*' da + / v?*' da- (p*' da 
J1/2 Jo Js 

<p*' da 

as well. This concludes the proof of the absolute continuity of <p*, so that 
7* € r^, i.e. x has strong local minimizers. This terminates the proof of 
Proposition 4. □ 
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B Proof of Lemma 20 



Proof. It is enough to show these properties for f s ; the analogous properties 
for f u then follow by replacing b by —b. To show that f s is finite-valued, 
first recall [13, Thm. 7.1] that 

3c, e,a>0Vw6 B £ (x) Vt > : \ip(y, t) - x\ < c\v - x\e~ at < ce, (B.l) 

where we will assume that e is so small that that B ce (x) C D. Thus, since 
for any given w G B s there exists a T > such that iJj(w,T) G B £ (x), 
\ilj(w,t) — x\ decays exponentially as t — > oo, and since 3a > Vt; £ B e (x) : 
\b(v)\ < a\v — x\, also \b(ip(w,t))\ decays exponentially, proving that the 
integral in (3.5a) converges. The continuity of f s will follow from (i) and (iv). 

(i) Let w S B s \ {x}. Then formally we can differentiate 

poo poo 

Vf s (w) = V w / \b(iP(w,t))\dt= / V w \b(iP(w,t))\dt 
Jo Jo 

f°° b(j;(w,t)) T Vb^(w,t))V^(w,t) 
Jo \K*l>(w,t))\ [ • J 



To make the exchange of integration and differentiation rigorous and to show 
that Vf s (w) is continuous, it suffices to show that there exists a function 
p € L 1 ([0, oo), M) such that the integrand of (B.2), let us call it q(w,t), 
fulfills |g(u,i)| < p(t) for Vt > and all v in some ball B^w). To find such 
a bound for q, first we use that |t|t| < 1. Second, if we choose T as before 
and 7? > so small that 

Vv E B v (w) : ip(v, T) £ B e {x) (B.3) 

then by (B.l) and (B.3) we have 

\/v G B v (w) Vt > 0: V(M) G K' := i()(B v (w), [0, T]) U B ce (x) C £>, 

and since K' is compact, |V6(V'(f , t))| can be bounded by a constant as well. 
Therefore it suffices to show that we can decrease r\ > so much that 

3c, d > Vt > Vw G B v (w): \Vij){v,t)\ < ce~ &t . (B.4) 

To do so, first recall that X v (t) := Vijj(v,t) is the solution of the ODE 

dtX v (t) = VbU>(v,t))X v (t) 

= AX v (t) + C v (t)X v (t) Vt>0, 
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X v (0) = /, 

where A := Vb(x) and C v {t) := Vb(ip(v,t)) — A. Since lim^oo ip(v, t) = x 
uniformly for v G B n {w) by (B.l) and (B.3), we have lim^oo C v (t) = 
uniformly for v S B^w), and so (B.4) is a straight forward generalization 
of the proof of [13, Thm. 6.3] (where now one has to keep track of the 
uniformity of all estimates in v). 

(ii) (Vf,(w),b(w)) = d t f s (i;(w,t))\ t=0 = lim \[f a {^(w,h)) - f.(w)] 



lim — 

/wo h 



lim — 

h^-o h 



\b(ip(w,t + h))\dt- / \b(ip(w,t))\dt 



\b(i>(w,t))\dt = -\b{w)\ 



(B.5) 



(iii) 



fs(w) > 



ip(w, t) dt 



oo 
t=0 



x — w . 



(B.6) 



(iv) We set 5 := max veBce(x) 
we have 



and use (B.l) to find that for \/w £ B £ (x) 



fs(w) < a \^{w, t) — x\dt < cd\w — x\ 



-at 



ca , 



dt = — \w — x\ 

a 



Since 



l^^l is continuous on K \ B e {x) by part (i), (6.8a) holds with 



C5 := max 



ca 



max 



a w£K\B e (x) \w — x\ 



□ 
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Part III 

Proof of a Technical Lemma 



7 Proof of Lemma 27 — Main Arguments 

Since the case in which x is an attractor or a repellor of b was already proven 
in Section 6.6, let us now consider the case in which x is a saddle point of b. 
We assume that all the conditions of Proposition 4 (ii) for x to have weak 
minimizers are fulfilled, i.e. that V6(x) has only eigenvalues with nonzero 
real parts, and that there exist admissible manifolds Mi, i G I := {1, . . . , m}, 
such that (3.9) is fulfilled. 

Our proof is structured as follows. In Section 7.1 we review some de- 
tails of the Stable Manifold Theorem, make several definitions and choose 
some constants to prepare for the estimates to come. In Section 7.2 we use 
Lemma 22 to modify the given admissible manifolds Mi in such a way that 
they obtain certain additional properties. Finally, in Section 7.3 we define 
the functions fi explicitly and prove that they have the desired properties. 
The proofs of various technical statements in this chapter are deferred to 
Appendix C in order to not interrupt the flow of the main arguments, and 
it is recommended to skip those proofs on first reading. 

7.1 Setting Things Up 

By our assumption on Vb(x) we can write 



for some matrices R S IR nxn , P £ M n « xn ^ and Q <E R n « xn «, where n s , n u G N 
fulfill n s + n u = n, and where all the eigenvalues of P have negative real 
parts and all those of Q have positive real parts. 

Let M l s oc and M l ° c be the local stable and unstable manifolds of b at the 
point x, respectively, as given by the Stable Manifold Theorem (see e.g. [11, 
Sec. 2.7] or [12, Sec. 13.4]). These are C 1 -manifolds of dimension n s and 
n u , respectively, which for some constant ao > with B ao (x) C D have 
the following properties (7.2)-(7.12) which are explained in more detail in 
Appendix C.l. Note that each of the properties involving ao remains valid 
if ao is decreased. 




(7.1) 
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First, M\ oc and M l ° c are related to the global stable and unstable man- 
ifolds M s and M u denned in (3.6a)-(3.6b) via the equations 



M s =V(Mi oc , (-oo,0]) 



and 



M n = ^(M^ c ,[0,oo)) 



(7.2) 



so that in particular M l ° c C M s and M l ° c C M u . On the other hand, we have 

V™ G B ao (x) \ M\ oc 3t > : t%, t) £ Bo,, (x), (7.3a) 
Vw; G B ao (x) \ M l ° c 3t < : ^(w, t) £ B ao (x). (7.3b) 

Furthermore, 

Mf c nB ao (x) and M l ° c C\ B aQ (x) are compact, (7.4) 
and by choosing M l ° c and M l ° c sufficiently small we may assume that 

{x} (7.5) 



m[ oc n m! oc 



and that 

6»o := sup | (y s ,y u ) 



,.\ = \y u \ =l;y s e T Wa M l ° c , y u G T Wu M l ° c 

for some w s G Mj oc , w u G M^ oc } G [0, 1). 

(7.6) 

During the proof of the Stable Manifold Theorem we learn how to construct 
a function p s G C 1 (B ao (x), M l s oc y° that projects B ao (x) along T x M l ° c onto 
Mg OC , i.e. one has 



WGB ao (x): ftW-^TX 
Vv£Mj° c nB ao {x): p s (v) = v. 

For Vfj G B ao (x) and Vt G M the function 

X «(t) :=^(p.(u),t) 

fulfills 6 



/of: 



(7.7) 
(7.8) 

(7.9) 



rt poo 

X v s (t) = x + U t {v-x)+ U t ^ T g(x v s (r)) dr - / V t . T g{x v s (r)) dr, (7.10) 

J o 



where we define 



5 By this we mean that p s is the restriction to B ao (x) of a C 1 -function that is defined 
on a larger open ball. 

6 See [13, Appendix 4] for a quick derivation of (7.10). 
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Uf-=R^ °W\ V t :=R^ Q j^W Vt G M, (7.11) 

3(10) := 6(w) - - x) Vu? G D. (7.12) 

Similarly, there exists a function p u G C 1 (B ao (x), M^ oc ) that projects B ao (x) 
along T x M l s oc onto M£ oc , and the function : = i>(Pu{v),t) fulfills a 

relation analogous to (7.10). 

Let us now adjust Definition 9 and Lemma 20 to the present situation where 
x is a saddle point. 

Definition 14. Let x G D be such that b(x) = and that all the eigenvalues 
of the matrix V6(x) have nonzero real part. Then we define the functions 
f s : M s -> [0, 00) and f u : M u -> [0, 00) 6y 

/*oo /*oo 

f s (w):= \b(iP(w,t))\dt= \ip(w,t)\dt, weM s , (7.13a) 
io JO 
/■0 /-0 

fu(w):= \b(^(w,t))\dt = \^(w,t)\dt, weM u . (7.13b) 



Lemma 28. The functions f s and f u of Definition 14 are finite-valued and 
have the following properties: 

(i) For \/w G M s , the function t \-} f s (ip(w,t)) is non-increasing 
(decreasing ifw^x) and C , with dtf s {ip(w,t)) = — \b(ip(w,t))\; 

for \/w G M u , the function t h-> f u (ip(w,t)) is non- decreasing 
(increasing if w 7^ x) and C , with dtfu(ip(w,t)) = +\b(?p(w,t))\. 

(ii) Mw G M s : f s (w) >\w-x\, (7.14a) 
VweM u : f u (w)>\w-x\. (7.14b) 

Furthermore, after decreasing oq > sufficiently, we have the following: 

(Hi) There exist functions f s ,f u G C[B ao (x), [0, 00)) that are C 1 on 
B ao (x) \ {x} such that 

Vw G M\ oc n B ao (x) : f s (w) = f s (w), (7.15a) 

Vw G M l u oc n B ao (x) : f u (w) = f u (w). (7.15b) 

(iv) There 3cio > 1 such that 

Vw6 M l ° c nB ao (x): f s (w) < c 10 \w - x\, (7.16a) 
G M l ° c n B ao {x) : / u (u>) < cio|w - x\. (7.16b) 

Proof. See Appendix C.2. □ 
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Now consider for Va > the level sets 

M« := f~\{a}) and M a u := f-\{a}), 

which by (7.14a)-(7.14b) and because of f s (x) = f u ( x ) = fulfill 

Va > 0: M s a U C B a {x) \ {x}. (7.17) 

We will now continue to decrease ao > to make our construction in Sec- 
tions 7.2 and 7.3 work. First, we have the following. 

Lemma 29. We can decrease ao > so much that for Va G (0, ao] 

Mg and /^([O, a ]) are compact subsets of M l s oc , (7.18a) 

M„ and /"^[O, a ]) are compact subsets of M l ° c , (7.18b) 

VKM s a ,IR) = M s \ {x}, tp(M^,R) = M u \ {x}, (7.19) 

and that in the two-dimensional case (n = 2) the sets M® and each 
consist of exactly two points. 

Proof. See Appendix C.3. □ 

Second, since b{x) = 0, by Remark 5 we have x ^ Mi for \/i £ I, 
i.e. fMi(x) 7^ 0, and so we can make ao > so small that 

Vi G / Vu> G S ao (x) : f Mi (w) ± 0. (7.20) 

In fact, using the notation 

1+ := {i G 1 1 / Mi (a;) > 0} and /" := {i G / | f Mi (x) < 0} , 

we have I + U I~ = /, and (7.20) and the continuity of the functions /m ; 
imply 

Vi G / + Vu> G B ao (x) : f M . (w) > 0, (7.21a) 
Vi G J" V^ G B ao (x) : f M . (w) < 0. (7.21b) 

Third, since V6(x) is an invertible matrix, the function b is locally invertible 
at x by the Inverse Function Theorem, and its local inverse is C 1 as well. 
Since b(x) = 0, we can thus decrease ao > so much that 

3dx,d 2 > Vw G B ao (x): di\b(w)\ < \w - x\ < d 2 \b(w)\. (7.22) 

In particular, we have 

VweB ao (x)\{x}: b(w)^0. (7.23) 
Fourth, observe the following refined version of the triangle inequality. 
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Lemma 30. V0 G [0, 1) 3d G (0, 1) Vu, wEl": 

(t>, to) < | to | =>• |f + to | < max{|t>|, + dmin{|i;|, (7.24) 
Proof. See Appendix C.4. □ 

Let c?3 G (0, 1) be the constant d given by Lemma 30 that corresponds 
to the value 6 = Oq £ [0, 1) defined in (7.6), let c^, a > such that 

Vt>0: \U t \ < d 4 e~ at and Vt < 0: |Vt| < rf 4 e at , (7.25) 

and choose k > so small that 

k < |(1 — ds) and 8(^2^4^ < 1- 

(7.26) 

Then since the function g defined in (7.12) is C 1 and fulfills X7g(x) = 0, we 
can further decrease 00 > so much that G B ao (x) : \Vg(w)\ < k. As a 
consequence, we have 

Vu>i, u>2 G B ao (x) : Ifif(^i) -5(^2)1 < -102 1, (7.27) 

and (taking W2 = x and using g(x) = 0) thus in particular 

Vw£B ao (x): \g(w)\ < k\w - x\. (7.28) 

This completes our definition of ao- Now since x G M l ° c n M^ oc , by (7.8) we 
have p s (a;) = p u (x) = x, and so we can choose a\ G (0, ao] so small that 

Ps (B ai (x))U Pu (B ai (x)) C B ao (x). (7.29) 

Lemma 31. We can decrease a\ > so much that V77 > 3/x > 0: 

(%) a// f/ie flowlines starting from a point w G B^(x) \ M l ° c will leave B ai (x) 
at some time T\(w) > as t — > 00, and we have 

if>(w,[0,Ti(w)]) C N v (Ml oc n B ai (x)) n B ai (x); (7.30) 

(ii) all the flowlines starting from a point w G B^ (x) \ M l ° c will leave B ai (x) 
at some time T 2 (u>) < as t — > —00, and we have 

ij>(w,[T 2 (w),0]) C N r ,(M l s oc nB ai (x))nB ai (x). (7.31) 



2c?4ft 1 

~c7~ - 2' 



(|A| + k)^^ + 2d 2 



a 
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Proof. See Appendix C.5. The lemma is obtained from the linear case 
b(w) = A(w — x) by applying the Hartman-Grobman-Theorem [11, p. 119]. 

□ 

Definition 15. For Vi G / we denote by Zi and tj the functions that 
Lemma 23 associates to the admissible manifolds Mi. 

It remains to choose one last sufficiently small constant, a > 0. To 
prepare, the next lemma groups the points w £ M°UM° C (M s UM u )\{x} C 
\JiLi'ip{Mi,'R) (here we used the condition (3.9)) according to the index i 
such that w E ^(Mj,R), and it gives us a bound on 

Lemma 32. Va £ (0, ao] 3 compact Kf, . . . , C D 3r/ a , T a > suc/i t/iat 
(J iff = M s a and U^ = M «' ( 7 ' 32 ) 

ViG/: 7V 7?a (if?)c^(M i ,[-T a ,r o ]). (7.33) 

In the two- dimensional case we can use the sets 

= Tjj(Mi , R) n Af s a for iel+, (7.34a) 
= Tp(Mi,R) n /or ier. (7.34b) 

Proof. See Appendix C.6. □ 

Now let us define the compact set 

m 

K := B ao (x) U [J xl>{Mi, [-T ao ,T ao ]). (7.35) 
i=i 

By Remark 5 no point in Mi and thus also in ^(Mj,R) has zero drift, and 
using (7.23) we thus find that the set 6 _1 (]R n \ {0}) U {x} is open and 
contains K. Therefore we can choose a > so small that 

< a < a\ < ao, (7.36) 
N 2 ~ a {K) C r^R" \ {0}) U {x} C L>. (7.37) 

Finally, in the two-dimensional case (n = 2) we decrease a > at this point 
as described on pages 124-127 (Steps 2-3 of our proof of Lemma 27 (vi)). 
We emphasize that our construction on those pages will not make use of 
anything we do beyond this point, and that the sole reason for postponing 
this step is to not unnecessarily distract the reader now with further details. 
This completes our preparation process. 
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7.2 Modification of the Admissible Manifolds 

We begin the second part of our proof with the definition of the sets M" 
and M£. 

Lemma 33. There exists a po > such that the compact sets 

M« := p~ l (M%) n N po (Mf) and M* := p" 1 ^) D N po (M«) (7.38) 
fulfill 

M* HM S = M s a and M° n M u = M*. (7.39) 

Proof. See Appendix C.7. □ 

Note that since p s and p n are only defined on B ao (x), we have 

M^cB ao (x) and M a C B ao (x). (7.40) 

Our goal in this section is to use Lemma 22 to turn the admissible manifolds 
Mi into new ones, M[, whose union covers M%C\N p {M%) and M*r\N p {M!*) 
for some sufficiently small p > 0, see (7.53) and (7.55). The essential ingre- 
dients for defining the functions needed for Lemma 22 are the functions 
given by the following Lemma. Observe the resemblance with Lemma 23. 

Lemma 34. There exist open sets D s D M s \ {x} and D u D M u \ {x} 
and functions z s G ^(D^Mf), t s G C^L^M), z u G C^Du.M") and 
t u G ^(JDujR) snc/i tfiaf 

Vw£D s : ifi(z s (w), (if)) = io, (7.41a) 
Vw£D u : ifj(z u (w),t u (w)) = w, (7.41b) 

Vn; G D s n M s a : z s (nj) = to, (7.42a) 
Vi«sD u nM u a : 2 u (w) = u>. (7.42b) 

Furthermore, z s and z u are constant on the flowlines ofb, i.e. we have 

Vw£D s \/t£R: ip(w,t)eD s => z s (ip(w,t)) = z s (w), (7.43a) 
Vu> G D u Vi G R: ip(w,t) £ D u =>• z u {ip(w,t)) = z u (w). (7.43b) 

Proof. See Appendix C.8. The proof resembles the one of Lemma 23, with 
the additional difficulty that now our target manifolds and M° are not 
admissible, and so a single flowline might intersect them more than once. □ 
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Remark 8. We may assume that 

V*G/+: Kf = z s (Kf°), (7.44a) 
Vie/': Kf = z u (Kf°). (7.44b) 

Proof. See Appendix C.9. □ 

The next lemma provides us with sets G{ that we will need momentarily. 

Lemma 35. For Vi G I there exists an open set Gi C D such that 

Vie I : G 4 D iP(K?,[-T h ,Ta]); (7.45) 

ViG/+: G?i n/^J([0,oo)) CJVsW, (7.46a) 
Vie/-: Gin/^((-oo,0]) cJV s (if). (7.46b) 

Proof. See Appendix C.10. □ 

Now let some i £ I be given. Assuming for the moment that i £ I + , 
we have Kf C M s a by (7.32) and thus il>(K?,[-Ta,T & ]) C ^(M°,R) = 
M s \ {x} C D s by (7.19) and the choice of D s in Lemma 34, and combining 
this with (7.45) we find that 

iP(Kf,[-T~ a ,Ta])cD s nGi. (7.47) 

Since Kf C M s a C M s a by (7.32) and (7.39), (7.42a) and (7.43a) imply that 
Vw G ip(Kf, [— Tq,Tq]): z s (tf) G Kf, and since z s is continuous there is an 
open set Wj with 

i>{Kf, l-T~ a , T d }) cW l cD s nG l (7.48) 

that is so small that 

Vu; G Wi: z.(u;) G iV % (Kf) C ^(M u [-T a ,r a ]), 

where in the last step we used (7.33). In particular, 

Vu/eWi: z s H G ^(M i; M) and ti(z s H) G [-T s ,T a ]. (7.49) 

Furthermore, since Kf and [— T„,Ta] are compact and Wi is open, because 
of (7.48) we can choose a p G (0, po] small enough that 

^{N p (Kf), [-T h ,Ta]) CWiCD s n d. (7.50) 
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Finally, we let vi G C 1 (D, [0, 1]) be a function with supp(i^) C Wi such that 
ywe^(N p (Kf),[-T h ,Ta\): v t {w) = 1 (7.51) 

and define 

frW ■■= h (W)tl{ZsiW)) '^^^ (7-52) 

which is well-defined by (7.49). Then ft G C^D.R), and by Lemma 22 the 
set Mj', defined by 

M/:=^ ft (M i5 l), (7.53) 

is an admissible manifold again. 

If i G I~ then an analogous strategy for defining M[ can be applied (with 
Mg, D s and z s replaced by M", D u and z u , respectively), and the relations 
(7.47)-(7.53) hold in their correspondingly modified form. In this way we 
can define M[ successively for Vi G /, at each step potentially decreasing the 
previously obtained p (this is possible since (7.50)-(7.51) remain true if p is 
decreased). 

Definition 16. For Vi G / we denote by z[ and i- the functions that 
Lemma 23 associates to the admissible manifolds M[. 

The new admissible manifolds M[ have the following properties. 

Lemma 36 (Properties of M-). 

(i) ViG/ : ^(M/,M) = rp(Mi,R). 

(ii) Vi G /+ : M s a n N p (Kf) C (7.54a) 
Mi € I~ : M°n N p (Kf) C Ml, (7.54b) 

n N p (Mf) C (J M/, Ml n iV p (M u s ) c (J M[. (7.55) 
fmj Vi G / Vw G JV"g(M/) \ {x} : b(w) + 0. 

/"OO 

Vi G /+ Vz G M[: \ \b(ip(z,T))\ dr > a, (7.56a) 
J o 

,0 

Vi G J - Vz G M/: / |6(^(z,r))| > a. (7.56b) 

J — oo 
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(v) For\/p G (0,p] 3p > such that 



(vi) 



Vw G B„{x) \ M l u oc 


3t<0: 


V fc 1V1 s ' 








|p s (V>(w,i)) - ip(w,t)\ < p; 


(7.58) 


Vu> G B^(x) \ M l s oc 


3t>0: 


^(w,t) G M u , 


(7.59) 








(/.bU) 


There Be > smc/i i/iai 






Vu; G B £ {x)\M l ° c 


3iel + : 


™g^(M|,(0,oo)), 


(7.61) 








(7.62) 








(7.63) 


~iw G B £ (x)\M l s oc 


3j G /- : 


we V>(Mj,(-oo,0)), 


(7.64) 








(7.65) 






^(wJO.-^u;)]) C 5 ao (x). 


(7.66) 



Proof. In part (ii) we will only show (7.54a) and the first relation in (7.55), 
in parts (iii)-(iv) we will only treat the case i G I + , and in parts (v)-(vi) we 
will only show the properties (7.57)-(7.58) and (7.61)-(7.63), respectively. 
The remaining properties can then be shown analogously. Throughout the 
proofs of parts (i)-(iv) we will repeatedly make use of the following three 
properties: 

First, for any given f3 G C 1 (D,IR) we have 

tpp(w,t) =ip(w,s w (t)) Vu; G D Vi G R, where (7.67) 

s w {t) := [ P($ p (w,T))dT. (7.68) 
J 

Indeed, if j3(w) = then ^(te,i) = w for Vi G K, and (7.67)-(7.68) are 
trivial. Otherwise we have for Vr G s m (R) 

= m{M^s-\r))) ■ [PiMv^H-r)))]- 1 

= ^^(ib,*; 1 ^))) 

and i/jp(w, s~ 1 (0)) = ifip(w,0) = w, showing that ipp^w, s~ 1 (r)) = ip(w,r). 
We will for Vi G I denote by the functions defined in (7.68), with f3 = 
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Second, since by (7.52) the functions (3{ vanish outside of Wi, we have 



Since by (7.48) we have Wi C D s for Vi G and since by (7.43a) z s is 
constant on the flowlines of b and thus on those of this implies that 

Vi G /+ Vu> G Vr G R: z s (^^.{w,t)) = z s {w). (7.70) 

Third, let i G I + and u G Wj C D s . Since z s takes values in M® C B ao (x) 
by (7.40), we have f Ah {z s (u)) > by (7.21a), and by (7.49), (6.18) and (7.52) 
this implies that 



Now let us begin with the proofs of the properties (i)-(vi). 

(i) Since (7.67) implies tpp^w, 1) G ip(w,R.) for G D, we have by (7.53) 

^(MiR) = ^.(Mi,l),R) C^(#f„M),l) =^(Mi,R). 
for Vi G /. The reverse inclusion follows analogously from the equation 

(ii) Let i £ 1 + and w G D N p (Kf). Then for Vt G [-1,0] we have 
K(*)l < T a by (7.68) and (7.72), and thus ip^(w,t) = tp(w,si,(t)) G 
^(iV p (^f),[-r a ,T a ]) ClfiCD 8 by (7.67) and (7.50). By (7.69), (7.51), 
(7.52), (7.70) and (7.42a) we therefore have 

Vi G [-1,0]: M Pi (w,t)) =t i (z s (^ i (w,t))) =t l (z s (w))=t i {w), 

which implies s l w (—l) = —U(w) by (7.68). We can now conclude that 
^ft(w,-l) = ^(W)Sw(- 1 )) = ip(w,-ti(w)) = Zi(w), i.e. w = ipp.(zi(w),l) G 
ipp^Mi, 1) = M[. This shows (7.54a), and taking the union over all i G / + 
on both sides and using (7.32) implies the first relation in (7.55). 

(iii) Let i G I + . It is enough to show 



Vii? G Wi VtGK: ^ ft (w,r)G^. 



(7.69) 



Vi G /+ VuG Wi: ti(« 8 («)) G (o,r a ], 
Vi G 1+ Vu G £>: P(u) G [0,T a ]. 



(7.71) 
(7.72) 



M[ C iV s (K) 



(7.73) 



since then by (7.37) we can conclude that 



Na(M'i) C N 2 - a {K) C r 1 ^" \ {0}) U {x} 
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which is (iii). To show (7.73), let w G M[. By definition of M[ in (7.53) 
and by (7.67) there is a v G Mj such that w = ip/s^v, 1) = ^(u , which 
implies that w G ip(Mi,M) and tj(w) = sj,(l). 

Case 1: f3i(v) = 0. Then tp^(v,t) = v for Vt G R, so iy = v G Mj C K C 
iVatK-) by (7.35). 

Case 2: /3i(u) / 0. Then ^(^(u , i)) / for Vi G K, and in particular 
^(w) / 0. Therefore we have t« £ Wj C G; by (7.52) and (7.48). Further- 
more, we have U(w) = s l v (l) > by (7.68) and (7.72), and thus fMi(w) > 
by (6.18). By (7.46a) we can now conclude that 



w 



^GiD /j^QO.oo)) C JVaW (7.74) 

also in this case, completing the proof of (7.73) and thus of (iii). 

(iv) Again let i G I + , and suppose that (7.56a) is not true, i.e. that 3z G M[ 
such that 

[•OO 

\ip(z,T)\dr <a. (7.75) 



Then for s, t > T > we have 



[z,t] - ip(z,s)\ 



ip(z, r) dr 



< 



(z,t)\ dr 



as T — > oo, and thus 3x G D : lim^oo tp(z, t) = x. Furthermore, since 



a > 



iz,T)\dr > 



tp(z, t) dr 



lim tj}(z, t) — ip(z, 0) 



t— >oo 



X — Z 



and z G Ml, (7.73) and (7.37) tell us that x G N d (Ml) C N 2 ~ a {K) C D. 
Therefore the limit 



lim tp(z,t) = lim b(ip(z,t)) = b(x) 



(7.76) 



exists, and since also the limit lim^oo i/)(z, t) exists, the limit (7.76) must 
be zero, i.e. b(x) = 0. Since x G N%(M-), part (iii) of this lemma thus says 
that x = x, i.e. \im t ^. oc ^(z,t) = x. In other words, we have z G M s , and 
our assumption (7.75) can be rephrased as f s {z) < a. 

Now since z G M[ = ipp.(Mi, 1), there 3v G Mj such that z = ipp^v, 1). 

Case 1: Pi(v) = 0. Then ipj3 t (v, t) = v for Vi G K and thus z = t> G Mj. But 
on the other hand by (7.14a) we have \z — x\ < f s (z) < a < ao, which by 
(7.20) implies that /m^-^) 7^ 0, contradicting z G Mj. 
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Case 2: fa(v) + 0. Then by (7.52) we have v G W h and (7.69) and (7.71) 
imply that ti(z s {^^(v , r))) > for Vr G K. Therefore by (7.68), (7.52) and 
(7.70) we have 

4(1)=/ Pi^ Pi {v,T))dT< f U(z a {l/> Pi (v,T)))dT = U(Zs(v)). 

Jo Jo 

Since i/j(v,— t s (v)) = z s {v) and v G Mi implies that ti(z s (v)) = —t s (v), this 
means that s l v (1) < —t s (v), and so using Lemma 28 (i) we find that 

a > f s (z) = f s (^ i (v,l))=f s (^(v,s i v (l))) 

> fs{^(v,-t s (v))) =f s (z s (v)). (7.77) 

Finally, since z = tpp^v, 1) = ip(v, s l v (1)) and z G M s , we have 

z s (v) = if>{v, -t s (vj) = i/>(z, -4(1) - G M„ 

and since z s («) G by definition of z s , (7.39) thus implies that z s (u) G M". 
But this means that f s (z s (v)) = a, contradicting (7.77). 

(v) Let p G (0, p] be given. Since by (7.8) and (7.4) we have p s (w) — w = 
on the compact set M l f c n B ao (x) , there is an rj > such that 

V™ G N v (M l s oc riB ao (x))nB ao (x): \p s (w) - w\ < p. (7.78) 

Now define the function g(w) := f s (Ps(w)) > for \/w G B ai (x), which is 
continuous by (7.29) and Lemma 28 (iii). The compact set g -1 ([0, a]) n 
dB ai (x) is disjoint from the compact set M l ° c n B ao (x), since any point w 
that is contained in both sets would have to fulfill a > g(w) = f s (Ps( w )) = 
fs(w) > \w — x\ = a\ (where we used (7.8) and (7.14a)), contradicting (7.36). 
Thus we can decrease rj > so much that 

[ 5 _1 ([0,a]) ndB ai (x)) nN v (M l s oc nB ao (x)) = 0. (7.79) 

Applying Lemma 31 to this choice of rj, we obtain a p > such that all the 
flowlines starting from some point w G B^{x)\M l ^ c will leave B ai (x) at some 
time T2(w) < as t — > — oo, and (7.31) holds. Since g{x) = f s (p s (x)) = 
f s (x) = by (7.8), we can decrease p > so much that 

VweB^x): g{w)<a. (7.80) 

Now let w G B^x) \ M l ° c . By (7.31) and (7.36) we have i(j(w,T 2 (w)) G 
N v (M l s ° c nB ao (x)), and thus i/,(w,T 2 (w)) t g' 1 ([0, a]) n 8B ai (x) by (7.79). 
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Since ip(w,T2(w)) G dB ai (x) by definition of T2(w), this means that 
ip{w,T 2 {w)) £ # -1 ([0,a]), i.e. g(ip(w,T 2 {w))) > a. Since g(ip(w,0)) < a 
by (7.80), there 3t G (T 2 (w),0) such that a = g(tp(w,t)) = f s (p s (ip(w,t))) , 
i.e. 

P#,t))6tf; (7.81) 

and thus ip(w,t) G p~ 1 {Mg). Furthermore, by (7.78), (7.31) and (7.36) we 
have \p s (ip(w,t)) - ip(w,t)\ < p, i.e. (7.58), and thus ip(w,t) G Np(M£) C 
N p (Mf) C N po (Mf) by (7.81). Combining the last two statements and 
using (7.38), we find that ^(w,i) G P^ l {M%) n N po (Mf) = Mf, which is 
(7.57). 

(vi) Continuing the construction of part (v) (e.g. for the choice p := p), we 
have found that ip(w,t) G M s a n N P (M£). Therefore by (7.55) there 3i G I + 
such that z := ip(w,t) G M[ and thus it; = tp(z,—t) G ip[Ml , (0, oo)) , with 
^(w) = z = ip(w,t) G M s " and t'^w) = -t. Finally, since [-t'^w), 0] = 
[t,0] C [T 2 H,0], (7.31) implies that ^(w, [-t<(iu),0]) C 5 ai (a;) C S ao (a;). 
This shows that (7.61)-(7.63) hold for e := p. □ 



7.3 Definition of the Functions ff, Proof of Their Properties 

We are now ready to define the functions /, that we are looking for. 

Definition 17. We define the functions /i, . . . , f m : D — > [0, oo) as follows: 
If i G I + then we define 



a 
max 




if fM>{w) < 0, 
{o, a-J^ w) \b(^4(w),T))\dT] if «;G^(M/,[0,oo)) 5 



else; 



(7.82a) 



and if i G I then we define 

fiH ■ 



a 

ma: 




if fM[{w) > 0, 

{0, a- Jl {w) \b{^w\r))\dT) if ^GV(M/,(-oo,0]), 



else. 



(7.82b) 



These functions are well-defined: If w G ip{M[, [0, oo)) then t'^w) > 
and thus fM'( w ) > by (6.18); and similarly, if w G ip(M-, (— oo, 0]) then 
fM'( w ) — 0- Note that the two integrals in (7.82a)-(7.82b) are the lengths 
of the flowline segments between w and z[{w). 
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Now let e > be the value given to us in Lemma 36 (vi), and let us 
reduce it if necessary so that e < a. 

We will now show that the functions fi fulfill the properties (i)-(vii) 
of Lemma 27. The properties (ii)-(iv) and (vi) will in fact be proven for a 
instead of e, i.e. we will show stronger statements than required (since a > e), 
and for that purpose we denote 

^:=/r 1 ((0,o)) forieJ. 

In parts (i)-(iv) and (vi) we will restrict ourselves to the case % € I + (the 
proofs for the case i G I~ can be done analogously). 

Proof of properties (i)-(iv). (i) Recalling (7.53) and the construction 
of fjtfi in the proof of Lemma 22, and using that b(x) = 0, we find that 

Vi G 1+ : f M , (x) = f Mi (^ ft (x, -1)) = f Mi (x) > 0. (7.83) 

Also, since by Remark 5 M[ and thus also ^(M t ',R) does not contain any 
points with zero drift, we have x £ ip(Mt, [0, oo)). Therefore fi(x) is defined 
by the third line in (7.82a), and so we have fi{x) = 0. 

(ii) To show that the function fi traces the flowlines of b between the values 
and o, we have to check the three properties in Definition 12. 

(ii.l) The definition of fi in (7.82a) divides D into three parts, let us call 
them D\,D2 and -D3. To show that fi is continuous on D, we will show that 
fi is continuous on the closures in D of each of the three parts, i.e. on D l , 
D 2 and D 3 . 

First consider D x = fv}, ((—00, 0)) . For € D? \Di C / M !({0}) = M[ 

i i 

we have t'^w) = by (6.16), and fi(w) is defined by the second line in 
(7.82a), so 

fi(w) = max|o, a — J \b[ip(zi(w), r)) | dr| = max{0, a} = a. 

This shows that fi is constant and thus continuous on D 1 . 

Regarding D3, observe that by (6.18) we have tp(M- , (— 00, 0)) C 
f^j. ((— 00, 0)) , and so we can write 

D 3 :=D\ [f~] ((-oo,0)) U^(M/, [0,oo))] 

i 

= D\[f-)((-oc,0)) U VK,1R) ]. 
^ . ' * ' 

open °P en by L.23 
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This shows that D3 is closed in D, i.e. that D% = D3, and so fi is constant 
and thus continuous also on D 3 . 

It remains to show that fi is continuous on D 2 ■ Suppose that this were 
not the case. Then there would be a sequence (w n ) ne ^ C D 2 = ip(Mt, [0, 00)) 
that converges to some w G D and for which we have 

Hmsup I (!/;„)-£ M| > 0. (7.84) 

n— >oo 

Since fi\o 2 is continuous, we must have w G' D 2 . By passing on to a sub- 
sequence we may assume that s^(w n ) converges to some z G M[ as n — )• 00 
(since is compact), and that t^(w n ) converges to some t G [0, 00] (since 
t'i(w n ) > for Vn G N). 

Now if we had t < 00 then letting n — >■ 00 in the equation w n = 
^(z-(u; n ),t-(u; n )) would tell us that w = ip(z,t) G ^(M/, [0,oo)) = D 2 . 
Thus we have t = 00, and with Fatou's Lemma and (7.56a) we find 

liminf / \b(ip(zi(w n ), r)) | dr > / lim l T e[o,t< («>„)] |H^( z !K)i T )) I dr 



|6(^(z,T))|dr > a 
lim fi(w n ) = lim max< 0, a— \b(ip(z'Aw n ),T)) \dr\ =0. 

n— >oo n— >oo I Jq 1 J 

To find the value of fi(w), first note that for Vn G N we have t'^Wn) > 
and thus fM'X w n) > by (6.18), and taking the limit n — > oo shows that 
fM'X w ) — 0, i.e. w ^ D\. Since also w ^ D 2 , this shows that /j(u>) is 
defined by the third line in (7.82a), so that = = lhm^oo fi(w n ), in 

contradiction to (7.84). This shows that /j is continuous on D 2 , and thus 
on all of D. 

(ii.2) To show that £ is C 1 on ^ = fr 1 ((0, 5)) , note that ^ C ^(M/, [0, oo)) 
by (7.82a), so that 

KM 

VweEl: f i (w)=a- 6(^(z-H,r)) | dr G(0,5) (7.85) 

and thus 

vftH = -|6(^(4H,^H))|v^H 

<M ,b T Vb\ 

-j^-)(^H,r))V^H,r)dr -V^H 
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-|6H|v*;h 

r**(«) /6 T V6\ 



|6| 



(7.86) 



for Viu G The last term is well-defined and continuous in w since ^(iw) € 
M| implies that b(z' i (w)) ^ by Remark 5 and thus b(ip(z^(w), r)) ^ for 
Vr G R. 

(ii.3) Now using (7.86), (6.14) and (6.15), we find for Vu> G E[ that 

(v/.H^H) = -l&HI <vt;H,6H) 



=i 



x l&l 

=0 

= -\b(w)\. 

Remark: For i £ I~ we would obtain \/w G (Vfi(w),b(w)) = +\b(w)\. 
(iii) By (7.85) we have for Vu; G ^ 

a> \b(tl)(z'i(w),T))\dT= / |^(^-(u;),r)|dr 



> 



■^(^(w;), t) dr 



\^(z' i (w),t>(w))-*P(z>(w),0)\ = \w-z' i (w)\ 



and thus it) G Na(M[), so that 

^ C 7V 5 (M/) C iV 2 a(^) (7.87) 

by (7.73). Since X is compact, this shows that E[ is compact as well, with 
E'i C N 2& (K) c D by (7.37). 

(iv) By (7.87) we have £jj C JV" a (M^) and thus E[ \ {x} C iV g (M/) \ {x}, and 
so by Lemma 36 (iii) we have \/w G E\ \ {x} : b(w) ^ 0. 



Proof of property (v). Now let F := max{/i, . . . , f m }- It suffices to 
show the estimate F(w) > c$\w — x\ for \/w G B e (x) \ (M l s oc U M!f c ) since 
this set is dense in B £ (x) and since both F and | • — x\ are continuous by 
part (h.l). 



Ill 



Let w G B £ {x) \ (M l s oc U M l ° c ) be fixed. Then by Lemma 36 (vi) there 
exist i £ I + and j G I~ such that (7.61)-(7.66) hold. We abbreviate T_ := 
-<i(«0 < 0, T+ := -^(tw) > 0, and 

<j)(t) :=ip(w,t) forVteR. 

Because of (7.61) and (7.64), and are defined by the second 

lines in (7.82a) and (7.82b), respectively, and we can begin our estimate as 
follows 

F(w) > max{ fi(w),fj{w)} 











> max-j 


[- 




\b\ 






Jo 












= max-j 


[- 


f 


\b 











b(t/;(4(w)^))\dt, d- \bU(zUw),t))\dt 
btyttiwWiiw) +t))\dt, 







\b(ip(z' j (w),t' j (w) +t))\ dt 



( f° f-^H 
= max a- / \b(ip(w,t))\ dt, d- \b{^{w,t))\dt 
I J-t'^w) Jo 

= max|a — j \ip(w,t)\dt, a — J \ip(w,t)\dt 

= max^d- J |0| eft, a-^ + |^>|dt|. (7.88) 

We must now show that the last line in (7.88) is bounded below by cg| w — x\ 
for some constant cs > 0. The trick will be to write 

(j) - x = (<p s - x) + (<j) u - x) + r (7.89) 

for some small remainder r (which vanishes if b is linear), where (j) s is a 
flowline in M s and 4> u is a flowline in M u . The flowlines 4> s and U are in 
several ways easier to deal with, mostly since we can apply f s and f u to 
them, respectively. 

To define <fr s and (j) u , first note that since <fi(TJ) = tp(w, —t'^w)) = z'^w) G 
M s " by (7.62) and similarly <p(T 2 ) G M°, by (7.38) we have 

:= Ps(<fi(T-)) G and w u := p u (^(T 2 )) G M*. (7.90) 
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We now define the functions <j) 8 G C X {R,M 8 ), 4> u G C^MJ and finally 
r G C 1 (K,K n ) by 

<f> s (t):=iP(w s ,t-T_), (7.91a) 

^(t) :=^(w u ,t-T+) (7.91b) 

and r(t) := <f>(t) - <f>,(t) - <f> u (t) + x (7.92) 

for Vt G K, i.e. (7.89), which fulfill 

S (T_) = w s and <t>u{T + ) = w u . (7.93) 

Note that for Vr G K we have 

"OO /'OO /*00 

\4> s {t)\dt= / |0 s (t + r)|di = / |6(^K,t + r-T_))|dt 
Jo Jo 

oo 



| & (V>(& (r) ,t))\dt = f a fa (r)) , (7.94a) 

./u 

f |<^(i)| dt = ■ ■ ■ = /„(^u(r)), (7.94b) 

i/ — oo 

and thus by (7.90) and (7.93) in particular 



T- 



,(t)\dt = f s ((f> s (T-)) = a and / \4> u \ dt = f u ((f) u (T + )) = a. 

(7.95) 



Furthermore, by Lemma 28 (i) 

f s o <f> s is C 1 and non-increasing, (7.96a) 

fu ° 4>u is C 1 and non-decreasing. (7.96b) 

Thus, by (7.14a)-(7.14b), (7.95) and (7.96a)-(7.96b) we have 

Vt > T_ : |0 a (t) - x| < /,(&(<)) < fs(MT-)) = 5, (7.97) 

Vt < T+ : - x| < /„(&,(*)) < f u ((f>u(T+)) = 5, (7.98) 

which together with (7.18a)-(7.18b), (7.63) and (7.66) implies 

(/> s ([T_,oo))cMi oc , <M(-oo,T + ])cM^ c , (7.99) 

0([T_,T + ])U0 s ([T_,oo))U0 u ((-oo,T + ]) C B ao (x). (7.100) 

The relation (7.100) will be necessary to justify the use of various estimates 
that are only valid on B ao (x) . 
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As another consequence, choosing t = 21 in (7.98) and using (7.95) shows 
that f u {(j) u (TJ)) < a = / S (0 S (21)), and similarly we find that f s ((j> s (T + )) < 
f u {(f>u{T+)). Therefore we have / U (0 U (21)) - / S (0 S (21)) < < f u {4> u {T + )) - 
f s ((j) s (T + )), and thus there 3t G [21,2+] such that 

MM*)) = fs(Mt))- (7.ioi) 

Our next goal is to find small bounds on \r\dt and \r\dt. We begin 
by recalling Duhamel's formula, which says that 

cj)(t) = x + e tA (w -x) + f e {t - T)A g(^{r)) dr 

Jo 

= x + {U t + V t ){w-x) + I (Ut-T + Vt-rMMrydT Vt G M, 

J 

(7.102) 

where the matrix groups (Ut)teR and (Vtjtem. are the ones defined in (7.11). 
Since 0(21) G S O0 (x) by (7.100), we can choose v := 0(21) in (7.9)-(7.10), 
and since by (7.9), (7.90) and (7.91a) we then have Xs(*) = ^{Ps{v),t) = 
ip(p s ((f>(T_)),t) = rp(w s ,t) = s (t + 21) for V< G K, (7.10) tells us that 

+ 21) = x + ^(0(21) -x)+ I Ut-rgiMr + ^-)) dr 

Jo 

/oo 
Vt_ T <7(^ a (T + r_))dT 

for Vi G M. We now replace i by t — 21, use (7.102) to obtain an expression 
for 0(21), and use that U Tl U T2 = U Tl+T2 and U Tl V T2 = for Vti,T2 G R, to 
obtain 



<f> 8 {t) = x + U t ^ 

»t-T_ /-oo 



(C7 T _ + y T J( w _ x ) + f T (U T __ T + „ T ) 5 (0( r )) dr 
Jo 

rt—l- poo 

+ / [/ t -T_-TS(</> s (r + 21)) dr - / K_ T _-rff(0 s (r + r_))dr 

io Jt-T_ 
,0 

x + U t (w-x)-J U t - T g{4>(T)) dr 

pt f'QO 

+ / f/ t _ r5 (^(r))dr- / T4_ r5 (0 s (r))dT. (7.103) 
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Similarly, one can obtain the formula 

(t> u {t) = x + V t (w -x)+ V t - T g(<j>(T)) dr 

Jo 

+ V t . T g(Mr))dT+ f U t . T g(Mr))dT. (7.104) 

t J — oo 

Subtracting (7.103) and (7.104) from (7.102), we thus obtain for Vt £ [21,2+] 
r{t) = <j){t) - cj) s {t) - 4> u {t) + x 

= (U t + V t ){w-x)+ [ (U t ^ T + V t -r)g(Hr))dT 



Jo 

U t (w-x)+ [ U t - r g{<j){T))dT- [ U t - T g{<t> s (r))dT 

JT- JT- 

/oo 
V t - T g(Mr))dT 

V t (w -x)- [ T+ V t ^ T g{cj>(r)) dr + \^ V t . T g(Mr)) dr 
Jo Jt 

t 

Ut- T g(4>u(T)) dr 

-oo 

T+ 

(l T <tU t -T ~ l T >tVt- T ) {g{<t>(r)) - g(Mr)) ~ 9(Mr))) dr 

T— poo 

U t - T g(MT)) dr + / V t - T g{M^))dT 

-oo JT+ 

/oo 
(t T< tU t -T ~ t T > t Vt-r) A(r) dr, (7.105) 
-oo 

where for Vr £ K we define 

A(r) := 1 t _<t<t + • {g(<Kr)) - g(Mr)) ~ sOMr))) 

- 1t<t_3(0u(t)) - t T> T + g{4>s{r)). 

Combining (7.105) with (7.25), we obtain the estimate 

/oo 
e -<*l*-T||A(r)|dr for Vt € [T_,2+]- (7-106) 
-oo 

Now let Ci C [21, 2+] and C 2 ■= [21, 2+] \ C\ be two measurable sets to be 
chosen later, and let Cf := C x U (-oo,21) and C% := C 2 U (2+,oo). Then 
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we have for Vr € R 
A(r) = l T6Cl • (</(0(t)) - </(&(t))) + l reC2 • (g(^(r)) - 5 (0 u (r))) 

~ I rec 1 -5(^«(T)) - l TeC +0OM r ))> 

and thus by (7.100), (7.27)-(7.28), (7.92) and (7.22) 

|A(r)| < l rgCl • k\ 4>{t) - <j> B {j) | + l Tg c 2 • «| 0(t) - <j> u {r) \ 

=r(T)+<f> u (r)-x =r(T)+4> a (r)-x 

+ l reC - • k# u (t) - x| + l reC + • «|<^s(t) - X 

< l reCl ■ K(\r(r)\ + \(f> u (r) ~ x\) + l re c 2 ■ «(|r(r)| + |0 s (r) - x|) 

+ l reC - • «#u( r ) - x| + l TgC + • *# s (t) - X 

< «(l re[ T_,T + ]|r(r)| + 2 • t r£C -\Mr) - x| + 2 • l reC +|0 s (r) - x|) 

< «(lre[T_,T + ]|r(r)| + 2d 2 • 1 t6Oi -|&(0„(t))| + 2d 2 • l reC +\b(Mr)) 

= «(lr e[ T_,T + ]k(r)| + 2d 2 • l r€C _|^(r)| + 2d 2 • l r6C +|^(r)|) . 

(7.107) 

We can now use (7.106), (7.107) and the first estimate in (7.26) to obtain 

T+ rT + poo 

\r{t)\dt<d A dt dre~ Q| *~ T| |A(r)| 

T- JT- J-oo 

oo roo 



/oo roo 
dT\A(r)\ / dte~ alt - Tl 
-oo J —oo 



< 



< 



\r\ dt < 



2d4 , 


poo 


a J 


— oo 


2d^K 


[j£ 


a 




-r 


1- 

|r 


8<i 2 d4K 


a 



|A(r)|dr 

\r\dt + 2d 2 / |^ u |(ii + 2d2 

L Jc^ 

a 



dt 



c-, 



_ \(pu\dt + 



(it 



(7.108) 



To turn this into an estimate for \r\ dt, we start from the relation 



b((j>) - b{<t> 8 ) - b{cf> u ) 
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= (A((f> -x) + g{<p)) - (A{<p s -x) + g(<f> 8 )) - (A((j) u -x) + g{4> u )) 
= A{4> ~ 4>s - 4>u + x) + (g((j)) - g(4> s ) - g(<j>u)) 

= Ar + A, (7.109) 

where the last step is valid only on [21,2+]. Using (7.109), (7.107), (7.108) 
and the second estimate in (7.26), we thus obtain 



T- 



T + 



r\ dt < \A\ / \r\ dt + |A| dt 



T- 



T- 



<(\A\+k) I \r\dt + 2d 2 K \<f> u \ dt + 2d 2 K 

JCi 



dt 



C 2 



< 



(14 +«)— ^ + 2da 



< 1(1 " d 3 



a 



u \dt+ / \<j) s \dt 



u \dt+ / \4> s \dt 



(7.110) 



Since by (7.99) we have S ([21, T+]) C M l ° c and U ([21, T+]) C M l u oc and 
thus also 

Vie [21,2+]: s (t) G T^ (t) Mi oc and <j> u (t) e T Mt) M l u ° c , 
(7.6) tells us that 

Vi G [21,2+] : (&(*),^(t)><0o|&(*)||^u(*)|- 
Therefore, if we choose 



Ci:= {ie[r_,r+]||^)|<|0 s (t)|}, 

C 2 := {t e [21,2+] | |</> u (t)| > |0 s (t)|}, 



(7.111a) 
(7.111b) 



then by our choice of d-j using Lemma 30 we have on [21,2+] that 

\4>. + j>u\ < IteCi + d 3 \<j) u \) + ltec 2 {dSs\ + \<Pu\), (7.112) 

and using (7.112), (7.110), (7.95) and (7.111a)-(7.111b), we obtain the esti- 
mate 



|0| dt 



< 



+ 4> u + f I dt 



+ (f)u\dt + 2 



|f I dt 



If I eft 
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< 



Ci 



+ d 3 \(j) u \) dt + / (d 3 \(j> s \ + \<f) u \) dt 
Jc 2 



+ §(l-d 3 ) 



c: 



CiUC+ 



|dt + 

-§(l + d 3 ) 
- |(1 - da) 
a + a- |(1 + da) 



6„|dt + 
|^u| dt 



a? 



Irl (it 



5 |dt + 



U dt 



Ci 



u |dt+ / |<£ s |dt 



c 2 



Irl dt 



5(1 -da) 



2+ 



mm 



dt + 
{ I^U0 fl I }d* 



dt 



2+ 



|f|dt. (7.113) 



To control the next-to-last integral, note that by (7.96a)-(7.96b) and (7.101) 
we have 



mm 



{fu{4>u)Js{4>s)} = /«(<^u)l(-oo,f] +/s(0s)l(f,oo)) 



and thus using (7.99)-(7.100), (7.22) and Lemma 28 (ii) and (iv) we find 
that 

f T + . . 1 f T + 

/ mm{\4> u \,\(j) s \} dt > — mm{\<p u - x\,\(/) s - x\\ dt 



> 



> 



> 



*2 JT_ 
1 

d2Clo 
1 

d2ClO 

1 

d2ClO 

di 

d2ClO 



mm 



11 



{/«(</>«), /s(</> S )} dt 



2+ 



fu{<t>u)dt+ I f s (<Ps)dt 



6 U — x| cit + 
Udi + 



x\ dt 



dt 



(7.114) 



We can now re-order the terms in (7.113), use (7.114), define d§ := 
min{i(l + d 3 ), |(1 - d 3 )^, |} > 0, and use (7.94a)-(7.94b) and (7.101) 
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to obtain 



2d 



[ + \<P\dt> 1(1 + d 3 ) 

+ £(l-d 3 ) 
>^(l + rfs) 
+ |(l-d 3 ) 



I 

-oo 
T- 



& u |dt + / |0 s |dt 



mm 



{|0 u |,|0 s |}dt + 



2+ 



Ifl dt 



u \dt+ / |0 S | ^ 



di 

d2C\Q 



> d 5 
= d 5 
= 2d 5 



l ) u \dt + 







J \<j) u \dt + J_ + \ 


(p s \ dt 






poo f'T+ 




J \<j> s \dt + 2 


r dt 







+ 



Irl dt 



T+ 



T+ 



fs(Mt)) 



Irl dt 



(7.115) 



Observe that the left-hand side of (7.115) is the sum of the two expressions 
in the last line of (7.88) that we have to estimate. Instead of splitting the 
integral on the left of (7.115) into the two integrals in (7.88) however, we 
will have to take an extra step first and split it into two equal parts instead. 
In other words, we define t S [T_ , T + ] as the unique value that fulfills 



and thus in particular 



1 



2 



|0| dt 



\4>\dt 



(7.116) 



\4>\dt = - \<t>\dt = - 



T- 



dt + 



f 101 
Jt- 



dt 



(7.117) 



We must now further estimate the right-hand side of (7.115) by a multiple 
of \<p(t) — x\. We begin by using (7.94a) and (7.95) to find 



T+ 



|0| dt - / |0| dt 



T+ 



+ 0„ + r\ dt 



+ 4> u + r\ dt 



< 



(|0 s | + |0 u | + |f|)dt- / (|0 S | - |0 U | - |f|) dt 
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< 2 



dt 



oo _ rT+ _ i-T+ 

\<p s \ dt+ \<j) u \ dt+ I \r\ dt 

J-oo JT- 

T+ 



2f s (</> s (t))-a + a + \r\dt 
2f s (Mt))+ I + l? 



Analogously one can obtain the estimate 



|0| dt 



+ \^\dt<2f u {^ u {t)) + j'J \f\dt 
= 2f s (Mt))+ l + \r\dt, 



where we used (7.101), and putting both together we find that 



+ \<j)\dt- [ \<j>\dt 



< 2f s (Mt)) + I \r\dt. 



This and (7.117) then lead us to the estimate 



\<t>(t)-<t>(i)\ 



(j)dt 



< 



t 



\<f>\dt 
[ \j>\dt 



t ft 

\<j>\dt- / |0| dt 



<f s (4> s (t)) + \J T + \r\dt, 



which in turn allows us to bound \4>(t) — x\ by terms only involving t, 
\0)-x\ < |0(i) - x\ + - 



1 



< |0(i) -x\+ f s (Mt)) + 2 J H dt 
= \Mi) + Mt) + r{t) - 2x\ + f s (Mt)) + \J + \r\ dt 



1 



< \Mt) + \Mt) ~A + \r(t)\ + fs(Mt)) + o / \r\ dt 

2 JT_ 

< f s (Mt)) + UMt)) + \r(i)\ + f s (Mt)) + \ jj \r\ dt 
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3fs(Mt)) + 



i r T + 



f\ dt + \r(t)\, 



(7.118) 



where we used (7.14a)-(7.14b) and again (7.101). To estimate \r(i)\ further, 
we start from (7.106) and (7.107), where this time we choose C\ := [T-,t\ 
and C 2 := (i,T + ], and then use (7.94a)-(7.94b), the first estimate in (7.26), 
and again (7.101): 



/oo 
e -«l*-T||A(r)|dr 
-oo 



< nd± sup 

r_ <t<r+ 



+ 2d 2 



T+ 



T- 



- a l*- T l|r(r)|dT 



-a|*-r||i 



sup \r(T) 

T-<t<T + 



u (T)\dT + 2d 2 

e - Q l T l dr + 2d 2 
+ 2d 2 



e- a ^\Mr)\dT 



Ur)\dr 



KC?4 



- sup |r(i)| + 2d 2 f u (Mi)) + 2d 2 f s (Mt)) 
aT_<t<T + 



< - sup |r(t)| + Ad 2 d 4 K ■ MM*))- 

* T_ <t<T + 

Solving and using also the third estimate in (7.26), we thus find that 
sup \r(t)\ < U 2 d A K ■ /,(&(*)) < MM*)), 

T-<t<T+ 

and so (7.118) can be estimated further by 



\(f>(i) -x\< 3MM*)) + 



<4/.(&(t)) + - 



2L 



T- 



\r\dt+ \r(t)\ 



\r\ dt. 



(7.119) 



Combining (7.117), (7.115) and (7.119), we obtain 

r: 



a 



'* . 1 
6 dt = - 



2d 



\4>\dt 



MMt)) + 



\r \ dt 
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> 



Irl dt 



>\d h \ct){i)-x\, (7.120) 



and by (7.116) thus also 



2+ 



\4>\dt> \d 5 \4>(i) - x\. 



(7.121) 



To replace t by in (7.120)-(7.121) and finally prove the desired lower bound 
for the last line in (7.88), let c 8 := min{|d 5 , 1} > 0. If i > then (7.120) 
implies 



|0| dt 



\<j)\dt 



+ 



> \d b \(j>{i)-x\ + 



\<j>\dt 



>dt 



= id 5 \<f>(i) - x \ + \cf>(i)- 0(0)1 

> C8 (|0(t)-x| + |0(t) -0(0)1) 
> C8|0(O) — x\ = cs\w — x\, 



and similarly, if t < then (7.121) implies 



|0| dt > csltf — x\. 



(7.122) 



(7.123) 



In any case, at least one of the estimates (7.122) and (7.123) has to hold, 
and so we can conclude that 

. f T+ ■ ] 

|0| dt, a — |0| dt > > c$\w — x\. 

1 Jo J 



max< a 



With this we can now finally complete the estimate (7.88) and prove that 
F(w) > c 8 \w - x\ for Vu> G fi £ (x) \ (Mj oc U M l ° c ) and thus for Vw G S e (»), 
which is what we had to show. 

From now on let us assume that the state space is two-dimensional, 
i.e. D C M 2 . 

Proof of property (vi). Again we will assume that i € I + . The proof is 
divided into two parts: First we show in Step 1 that 



^\{x}c^(M/,R), 



(7.124) 
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so that for any choice of \x > 0, E' i \B fl (x) is a compact subset of tp(M[, M) by 
what we showed in part (in). Since the expression for V/j|^ given in (7.86) 
extends to a continuous function on all of ^(M-,M.) and is thus bounded on 
E[ \ B^x), this implies that V/, is bounded on E[ \ B^(x). It then remains 
to show in Steps 2-12 that for some /j>0we have 

sup \Vfi(w)\ < oo. (7.125) 

w&E'pB^x) 

Step 1: To show (7.124), let w G E[ \ {x}, and let (w n ) ne ® C E\ with 
w n — > w. By passing on to a subsequence we may assume that Vn £ ff : 
\wn~ x\ > t;\w — x\ and that lim n _-. 00 z[(w n ) = z for some z G M[ (since M[ is 
compact). We begin by showing that there exist 5 > and uq G N such that 

Vn > n : V(4K), [0, *•(<%)]) D S*(x) = 0. (7.126) 
To see this, first recall that by (7.56a) there 3t' > such that 

t' 

| b(^(z, t)) \ dr > a — \ \w — x\. 

Since the expression on the left is a continuous function of z and since 
b(z) 7^ by Remark 5, there 3v > such that 

/■*' 

Vz'£B u (z): b(z')^0 and / \b(ip(z', r))| dr > a - \\w - x\. (7.127) 

JO 

Since the compact set ip(B„(z), [0, i']) does not contain any roots of 6, it 
does not contain x, and thus we can choose a 5 G (0, — x|] such that 

^(B„(4[O,t'])nB J (i) = 0. (7.128) 

Finally, let no G N be so large that 

Vn>n : z'i(w n ) £ B v (z). (7.129) 

Now suppose that (7.126) were wrong, i.e. that for some n > uq there were 
a t" G [0,^(tt? re )] such that ^(^(w n ),t") G S 5 (x). Then by (7.128)-(7.129) 
it would have to fulfill t" > t', i.e. < t' < t" < t'^w). Furthermore, we 
would have 

I b{i>(zl(w n ),T))dr 
t" 




6(^(^K),r))|dr> 
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= / i>(4(. w n),T)d,T 
Jt" 

= |^K),4K))-^(^K),t")| 

= \w n - lp(z' i ('Wn),i?')\ 

> \w n - x\- \tp(zi(w n ),t") - x\ 

> \\w — x\ — 5 

> \\w — x\. 

Together with (7.85), (7.127) and (7.129) this would then lead to the con- 
tradiction 

rt[(w n ) 

a> |&(V>(2-(wn),T)) | dr 

Jo 

ft' rt\{w n ) 

> \b(ij(z' i (w n ),T))\dT+ &(^K), r))\dr 
Jo Jt" 

> (a — \\w — x\) +\\w — x\ = a, 

concluding the proof of (7.126). 

Now let n > tiq and t £ (0, ^(m„)]. The vector v := ^(z'^Wn)^) £ 
^(M/,[0,oo)) fulfills z'^v) = zftwn) and t' % {v) = t £ (0,tj(u; n )], and so by 
(7.85) we have 

rt'M Mw n ) 

0< / \b{i>{4(v),T))\dT < / \b(lj>(4(w n ),T))\dT<a, 

Jo Jo 

i.e. v £ This shows that V^K^™)' (0>*i(^n)]) c which together 
with (7.126) implies that ^{z'^wj), [0, t •(«;„)]) C \ £<s(x)- Since <i 6 := 
mm | u £ £• \ S 5 (x)} > by what we showed in parts (hi) and (iv), 

by (7.85) we therefore have 

/■tjK) 

d> / |6(t/;(4(u%),t)) I > t'^Wn) ■ d e , 
Jo 

i.e. t'^Wn) £ [0, We can thus extract a subsequence (w nk )k^ such that 
limfc^oo ^ {wn k ) = t"' for some t'" £ [0, . Taking the limit k — > oo in 
the relation w nk = ^(^'(^n/J) ^(^n fc )) now tells us that w = tp(z,t'") £ 
V>(M/,M), terminating the proof of (7.124). 

Siep 2: To prepare for the proof of (7.125), we begin by defining an invertible 
affine transformation L : M n — > M n that shifts x to the origin and then turns 
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space so that T x M l ° c coincides with the y-axis. To do so, let R be an 
orthogonal matrix such that A = R(~$ q)R T for some p, q > and r G R, 
define L by 

L(w) = R T (w-x), L^iv) := Rv + x, (7.130) 
and define the transformed drift b G C 1 (L(D), W 1 ) by 

b(v) :=R T b(L- x (y)). 

Since 6(0) = R T b{x) = and V6(0) = R T Vb(x)R = R T AR = °), we 
can write b(v) = y£ + <?( w ) for some C 1 -function g with 

g(0) = and Vg(0) = 0, (7.131) 

and so the flow xCM) := L{^)(L~ x (v), t)) for \fv G L(D) Vi G M, which 
fulfills 

X(£(«0, <) = £(V>K *)) Vu> G D V< G M, (7.132) 
is the solution of the system 

*(«, t) = R T b(^(L-\v),t)) = R T b(L- l (x(v, t))) = b( X (v, t)) (7.133a) 
= {-?■ ° q )x(v,t) + ~g( X (v,t)), (7.133b) 

X (v,0) = L(ij)(L~ l (v),0)) = v. (7.133c) 

Writing this system componentwise with g = (51,52)) X = x( v i t) = (xii X2) 
and v = (v±, v%), we have 

Xi = -PXi +5i(xi,X2), (7.134a) 

X2 = rxi + 2X2 +52(xi,X2), (7.134b) 
Xi(«,0)= Vl , X2 ( v ,0) = v 2 . (7.134c) 

S'tep 5: Next, we will have to choose some constants. Let 

•= JrL + 1 

d 7 :=!(M + <$ + 2, (7.135) 
:= max{^ + 1, + 1 + (4 + d 7 + 20) 1+2p / ( '} > 9 + 2, (7.136) 

and for some small cr > to be chosen momentarily we define the open 
double wedge 

W afi ■= {(s,y) G R 2 I < \s\ < a, |f I < 9} C S CT(1+e) (0). 
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To choose a, note that since g\ and g% are C 1 -functions that by (7.131) fulfill 
01 )2 (O,O) = and 

V<?i, 2 (0,0)=0, (7.137) 

we have 51,2(5, y) = o(|s| + |y|), and since on W a fi we have |s| + |y| < (l+#)|s|, 
this implies that 



3i,2(s, y) = o(\s\) as (s, y) ->• in W afi . 
Therefore we can pick a > so small that 

for V(s,y) G W afi , 



|^3i,2(s,2/)| < \ 



and then the function h: W n 



h(s,y) :-- 



r + qy 
p ps 



given by 

i + ^ + j- s 92(.s,y) 



1 - ^9i(s,y) 



(7.138) 



(7.139) 



(7.140) 



is well-defined and C l . Furthermore, we have 

q f- s + js d y92(s,y) l + f s + j-M s >y) 



sd y h(s,y) 



ps 1--L gi ( s ,y) (i_ J_ 5l ( s , y )) 2 ps 
q J + \d y g 2 {s, y) r p + f s + j- s 92(s, y) 



9 y gi(s,y) 



p 



l-j- s gi(s,y) (i_X 5l ( Sj?/ )) 2 p 



9 y gi(s,y), 



and since by (7.137)-(7.138) the last expression converges to as (s,y) 
in W a , we can choose a > so small that 



\d y h(s,y)\ < l p \s\^ for V(s,y) G W afi . 



(7.141) 



Finally, writing M s \ {x} = i/j(w' 1 ,~R) U ip(w' 2 , M) for some points w'i, w' 2 G D, 
by (7.132) the points L(w[) and £(tu 2 ) ne on the global stable manifold of 
the saddle point \ = of the system (7.133a)-(7.133c). Since by (7.133b) 
the local stable manifold of that system at the origin is tangent to the 
eigenvector (p + q, —r) of the matrix (~r q) and is thus contained in Wg 
near the origin, there therefore 3T > such that 



X (L(w' k ),[T,oo))cW a g for k = 1,2. 



(7.142) 



Since our construction in Steps 2-3 was solely based on the given vector 
field b, we can use it to decrease a one final time, as explained at the end 
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of Section 7.1, so that a < min{/ s (^(i(; / 1 , T)), / s (V>(w 2 ,T))}. (To prepare 
also for the case i £ I~ , we must at this point also further decrease a ac- 
cording to an analogous construction with the stable and unstable direction 
exchanged.) 

Since / s _1 ((0, a]) C M s \ {x} = ip(w[,R.) U ip(w' 2 ,M.) and since by Lemma 
28 (i) our choice of a implies that for k = 1,2 and Vt < T we have 
f s (ip(w' k ,t)) > f s (ip(w' k ,T)) > 5, (7.132) and (7.142) then imply that 

l(/ a - 1 ((0,o])) C L(VK, [T,oo)) U ^K, [T,oo))) 

= x(LK), [T, oo)) U x(L(u/ 2 ), [T, oo)) 

C W^. (7.143) 

We now denote by w;i , W2 € -D the two points given by Lemma 29 such that 

Mf = {w 1 ,w 2 }, (7.144) 

and we denote for k = 1,2 

{S k ,Vk) ■= L{w k ) G L(Mg) = L{f~ l ({a})) C W^. (7.145) 

Step 4 : For initial values (so,yo) S W CT) e now consider the solution y(s) := 
2/(so,2/o;s) of the ODE 

, rs + qy + g 2 (s,y) % + ^ + ^52(s, y) 

2/ s = 7 — 7 7~ = ~ i l , n — (7.146a) 

-ps + gi(s,y) i_J_ ffl ( S) y) 

= - - + + &(*,!/), (7.146b) 
p ps 

y{s ) = y . (7.146c) 

The right-hand sides in (7.146a)-(7.146b) are well-defined, equal and C 1 on 
W<r,0 by (7.139)-(7.140), and so y(s) is well-defined until its graph reaches 
the boundary of W a> $. 

The meaning of the system (7.146a)-(7.146c) is the following: Consider a 
solution x( v >t) °f (7.133a)-(7.133c) starting from some point v = (so,yo) £ 
W a Q such that for some t > we have 

x(v,[0,t])cW ff)fl . (7.147) 

If so > then this implies that 

Vte[0,t]: xi(v,t)>0 and thus xiCM) < (7.148) 
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by (7.134a) and (7.139). This shows that 

0< X i(v,t) <XiM) = s , (7.149) 

and that on [0,t] the function X { v i ' ) takes values on the graph of some 
function y(s) = y(so,yo; s), i.e. we have 

X2(v,t) =y( X i(v,t)), (7.150) 
X2 (v,t) =y'(xi(v,t)) X i(v,t) (7.151) 

for Vt G [0,t]. Since X x{v,t) / by (7.148), together with (7.134a)-(7.134b) 
this shows that 

y '( Xl ) = *L = TXl + qX2 + 92(xi,X2) = rxi + qyjxi) + 92{xi,y{xi)) 

Xi -PXi + 9i(xi,X2) -pxi +5i(Xi,2/(xi)) 

i.e. y(s), s G [ X i(v,t), sq], is the solution of the ODE (7.146a)-(7.146c), 
where the initial condition (7.146c) follows from setting t = in (7.150) and 
using that v = (so, yo)- 

If so < then all inequalities in (7.148)-(7.149) are reversed, and so 
(7.150)-(7.151) hold as well, only that then y(s) is defined on the interval 
[s ,xi(v,i)}. 

Step 5: Now let us choose a fx > for which we will be able to show (7.125). 
Denoting 

J := {k G {1,2} | w k i ^(M/.R)}, (7.152) 

we have for Vfc G J that ifj(w k ,R)nMl = 0, i.e. Vr G R: f M >(ifj(wk,T)) / 0. 
Thus, if we had fM'X^^ki ~ 1)) < then we would have fM'i' t P(' w ki r )) < 
for Vt G R, and letting r — > oo and using that Wk G M° C M s would imply 
that /a/'( x ) — 0) contradicting (7.83). This shows that 

VfcGJ: >0. (7.153) 

Furthermore, since for Mk G {1,2} we have 

/>oo 

|6(^(wfc,r))| dr > \ \b(if)(w k ,T))\ dr = f s (w k ) = a, 



-1 Jo 
there 3T' > so large that 



Vfc€{l,2}: J \b(ip(w k ,r))\dT > a. (7.154) 
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Using also the value p > constructed in the steps leading to Lemma 36, 
by (7.153)-(7.154) there thus exists a p > such that 



p < minjp, - w 2 \, \h\, (7.155) 

V7c £ J Vi> £ Sp(w fe ): / M ;(^(«,-l)) > 0, (7.156) 

f T ' 

Vfce{l,2} Vv€B p (w k ): J \b(i/>(v,r))\dT > a. (7.157) 



Finally, we have x ^ M[ by Remark 5, and because of (7.157) the sets 
Bp{wk) and thus ip(Bp(wk), [— 1, T'fj cannot contain x. Therefore we can 
choose p £ (0, ao] so small that (7.57)-(7.58) hold, and that 

B cwll (x) n M! = 0, (7.158) 

fl M (x) n [-1, r']) = 0. (7.159) 

Step 6: To show (7.125), let now w £ E[ Pi B^{x). We must find a bound on 
|V/j(io)| that is independent of our choice of iu. We begin by showing that 
there exist rj > and £ {1,2} such that 

B v (w) C E'iHB^x), (7.160) 

Vu £ B v (w) : « u := £ W a , 9 -x, (7.161) 

u« = (s k ,y u ) (7.162) 

for some y u £ E with 

|z/u - < p. (7.163) 

To do so, let 7? > be so small that (7.160) holds and that 

Vu £ B v (w): \4 («) -z-HI < P, (7. 164) 

and let u £ B n (w) C i^' H B^x) C B ao (x). First observe that this implies 
that it ^ M l ° c . Indeed, otherwise we would by Lemma 28 (i), (ii) and (iv) 
have for Vr < 

\ip(u, t) -x\< f u (ip(u, r)) < f u (u) < c 10 \u - x\< c w p 

and thus if>(u, r) g M[ by (7.158). But this would show that u^{M[, [0, oo)), 
which by (7.82a) contradicts u £ E' { = /^((O^)). 
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Since u M l ° c by (7.57)-(7.58) there 3t < such that v := ip{u,t) 
fulfills 

v G Mf, (7.165) 
\p s (v) — v\ < p. (7.166) 

In particular, because of (7.165) and (7.38) we have p s (v) G M°, and so by 
(7.144) there 3k G {1,2} such that p s (v) = w k and thus by (7.166) 

v G Bp(ii7 fc ). (7.167) 

Suppose we had G J. Then by (7.156) we would have 

< /m;(V>K -1)) = f M >(ip(u,t- 1)) = f M ,(iP(4(u), t[(u) +t-l)) 

and thus t'^u) +t — 1 > by (6.10). Furthermore, by (7.167) and (7.159) we 
would have u (£ ip(v,[-l,T']) = ^(u, [t-l,t+T'}) and thus g [t-l,t+T'], 
and since i — 1 < t < 0, this would show that t + T' < 0. To summarize, we 
would have 

-t-(u) < t- 1 < t + T' < 0, 
and so by (7.85), (7.167) and (7.157) we would arrive at the contradiction 

KM . 

5 > / 6(^(4H,r)j \dr 
Jo 

\b{^(z[(u),i(u)+T))\dT 

r-0 

|6(^(«,r))|dr (7.168) 

-f<(«) 

/•t+T' 

> / \b(if)(u,T))\dT (7.169) 
\b(iP(v,T))\dT > d. (7.170) 

-l 

Therefore we have k £ J and thus w fc G ^(M|,R) n M s a = ^(M;,R) n M s a 
= iff by (7.152), (7.144), Lemma 36 (i) and (7.34a). By (7.165), (7.167), 
(7.155) and (7.54a) we thus have v G Mg n JVp(iCf) C M s a n JV p (iCf ) C Af/, 
and so the relation u = tp(v, —t) shows that z'^u) = v. Therefore we have 
p s (v) — v = Wk — z^u), and so (7.166) and (7.7) say that 

\w k - z'i{u)\ < p, (7.171) 
w k - z' t (u) G T x M l ° c . (7.172) 
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To see that k is independent of our choice of u G B r) (w), we apply the above 
arguments to w instead of u and find that for some k' (7.171)-(7.172) hold 
with w k — z'^u) replaced by wy — z'^w). Since 



\w k 



Wk'\ < \w k - 4(u)\ + \Zi(u) - z'i(w)\ + \4(w) - w k >\ <3p< 1 10i 



W2\ 



by (7.171), (7.164) and (7.155), we must have k' = k. 

Now (7.130) and (7.172) imply that for Vu G B v (w) we have 



rloc\ 



L(4(u)) - L(w k ) = R 1 (4(u) - w k ) G R 1 T x M l ° c = T L{M« 

Since L(M^ oc ) is just the local unstable manifold at % = of the transformed 
system (7.133a)-(7.133c) and is thus tangent to the y-axis at the origin, this 
means that the first components of L(z' i (u)) and L(w k ) = {sk,yk) coincide, 
which is (7.162). Furthermore, since 



\L(z' i (u))-L(w k )\ = \R T (zi(u)-w k )\ 



\z'(u) 



Wk\ < p 



by (7.171), their y-components differ by at most p, i.e. (7.163), and together 
with (7.145), (7.155) and (7.136) this implies |f^|<|fr|+j|:|<^+ 1 < 
6-1, which is (7.161). 



s k 



Step 7: W.l.o.g. let us from now on assume that s k > 0. In this step we 
will show that then for V(so,?/o) £ W^g with < sq < s k the function 
y( s o,yo'i s) is well-defined (and has its graph in W a) g) at least for s G [so, s k ], 
thus allowing us to define the function 



/(so, 2/0 ) - 



\J\ + [d s y(so,y ;s)} 2 ds 



(7.173) 



which we may in short write as f(v) for v = (so,2/o) G W<r,0- 

To see this, we will show that as s increases from sq, the graph of y(s) := 
y(sQ, yo; s) is repelled from the upper and lower boundaries of W^g and must 
thus reach the right boundary of W a $ at s = cr > s k . Indeed, suppose that 
at some s > the graph of y(s) has reached a point (s,y) with - > 6 — 1. 

Then by (7.136) we have jf > - 1 > ^ > ^ and thus r - + g > 1, so 
that 





1 


r / y 
y - - 

S- 


1 


s 


s 


s 



+ fs+Vs92(s,y) y 



_L 



9i(s,y) 



by (7.146a) and (7.139). Similarly, one can show that if < —{9 — 1) then 

>o. 



131 



Furthermore, observe that for any point (sq, Uo) G W a fi such that y(s) : = 
y(so, yo; s) is defined for all s in some interval [s\, 3 sq, the uniqueness of 
the solutions of (7.146a)-(7.146c) implies that y(s) = y(si, y(si); s), so that 

I"" y/l + [y'(s)]*ds= r ^l+[d s y( Sl ,y^i);s)] 2 ds 

J SI J Sl 

= f( Sl ,y( Sl )). (7.174) 

Step 8: We will now show that / is C 1 on W aj $, and that for V(so, yo) G 
we have the bounds 

\d s J(s ,yo)\<5 + l(\r\+q6), (7.175a) 
|^o/(«o,W))|<3, (7.175b) 

which are the core of this proof. 

To do so, first note that since the right-hand side of (7.146b) is C 1 on 
W<r,0) y(s) := y(so,yo;s) is C 1 with respect to the initial data yo, with 

d s [d yo y(s)] =d yo y'(s)= [-^s' 1 + d y h(s,y(s))]d yo y(s) 

for Vs G [so, Sfe] by (7.146b), and since d yo y(so) = 1 by (7.146c), we find that 

9, y( S ) = exp( f [-fs'" 1 + d y h(s' ,y(s'))] da'), 

d yo y'(s)=[-Z S - 1 + d y h(s,y( S ))]e W ( f [-i^ 1 + d y h{s\y{s'))] ds' 

J s 

for Vs G [so,Sfc]. We can now invoke (7.141) to obtain 

i^wi^.-'-p(-|£^^)=|.-e)* 



<^£ r' s -^ds = 3, (7.176) 
which by (7.173) leads us to our first bound 

f Sk y'( s ) f Sk 

\d yo f(s ,yo)\= / —T====-d yo y'{s)ds<j \d yo y'(s)\ ds < 3, 

•/so v 1 + b -/so 



DC 
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i.e. (7.175b). For the other bound (7.175a), note that for small A we have 

y(s + A, y(s ,y ; s + A); s) = y(s , yo] s), 

and differentiating with respect to s and then computing the A-derivative 
at A = leads us to 

d s y(s + A, y(s ,y ;s + A); s) = d s y(s ,y ; s) 
=> (d So d s y)(s ,yo; s) + (d yo d s y)(s ,y ; s) • (d s y)(s ,y ; s ) = 



=> d So y'(s) = -d yo y'(s) ■ y'(s ). 

By (7.146a) and (7.139), |y'(so)| can be bounded by 



(7.177) 



sup \y'(s)\ = sup 

so<s<S k (s,y)eW ai g 



l + fs + js92{s,y) 



< 



l 4 + i9+h 



U\r\+q6) + l, 



(7.178) 



and so (7.173), (7.177), (7.176) and (7.178) lead to the estimate 

V'(s) 



\9 so f(s Q ,yo)\ 



Vi + [y / (^o)] 2 + 



d so y'{s)ds 



<l + \y'(s )\ 



\d So y'(s)\ds 



<l + | y '( So )| + |y'( So )| / \d yo y\s)\ds 



< l + 4|y'(s )| 

<l + 4[|(|r| + ^) + l] 

= 5 + |(M + g e). 

Step 9: Now let us consider the function 

y(s) := y(s k ,y k ;s) 

that passes through the point (sk,yk) = L(w k )- Since wu S = / s _1 ({a}) 
by (7.144), Lemma 28 (i) implies that ip( w k, [0, oo)) C / s ~ 1 ((0, a]) and thus 

X {L(w k ), [0,oo)) = L{iP(w k , [0,oo))) cLtf- 1 ((0,5])) cW a§ 



133 



by (7.132) and (7.143). Since by (7.132) and (7.130) we have 

lim X (L(w k ),t) = lira U$(w k ,t)) = L(x) = 0, (7.179) 

t— too t— >oo 

by our remarks at the end of Step 4 this shows that y(s) is defined for 
s k > s > lim^oo xi(L(w k ),t) = 0, i.e. for Vs G (0, s k ], with graph in W a jj, 
i.e. 

{(s,y(s))\se(0,s k ]} cW a j. (7.180) 

Using that x{L{w k ),t) = R T b(ip(w k ,t)) by (7.132) and (7.130), abbreviating 
X = x(L(w k ),T) etc., using (7.151) for y(s), and finally making the substi- 
tution s = xi{L>(w k ),T) and recalling that xi(L(w k ), • ) < by (7.148) and 
our assumption s k > 0, we thus obtain for Vt > 

f \b(il>{w k , t))\ dr = f \ X (L(w k ),r)\ dr 
Jo Jo 



j \/xl + xl dT 



V^ + [y'(xi)} 2 \Xl\dr 

Xi(L(w k ),0) 

s/l + WWds. (7.181) 

Xi(L(w k ),t) 

Now using that x(L(w k ), 0) = L(w k ) = (s k ,y k ) and (7.179), taking the limit 
t — > oo implies 

^/T+WWds= / \b(^(w k ,T))\dr = f s (w k ) = d. (7.182) 



Step 10: Next, let u £ B^w) be fixed, and denote 

sf.= Xi{v u ,t) for yt 6 (0, (7.183) 

y(s) := y(s k ,y u ;s), (7.184) 

i.e. y(s) is the curve passing through the point (s k ,y u ) = v u = L(z' i (u)) 
(recall (7.161)-(7.162)). We claim for Vt G (0, that 



if xK[0,t])cW;,( then 



a- fi(u) > f(st,y(s t )) fori<t£(u), 
o-/i(«) = /(L(u)) for * = 

(7.185) 
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Indeed, if x( v u, [0, t]) C W a ,g then (7.85), a calculation analogous to (7.181), 
and (7.174) show that 

/•*'» 

a~fi(u)= |6(^(^(it),T))| dr 



> / \b{^(u),T))\dr 

r-Xl(L^W).O) 



s/T+WWds 

Xi(L(z>(u)),t) 

= VT+WWds (7.186) 

J s t 

= f(s t ,y(s t )), 

where the integration bounds in (7.186) followed from (7.183) and the rela- 
tion x( v u, 0) = v u = (s/j, y u ). If t = t'iiu) then we have equality, and thus the 
second statement in (7.185) follows if we can show that {s^ ( u )-,y( s t' (u))) = 
L{u). 

To do so, note that by (7.183) and (7.150) we have y(st) = y(xi( v u, t)) = 
X2(v u , t) and thus 

(s u y(s t )) = X(v u ,t) for Vt G (0, (7.187) 

and therefore by (7.132) in particular 

{s t , (u) ,y(s t , {u) )) = X {L{z!^u)),t[(u)) = L(^(u),^(u))) = L(u). (7.188) 

Step 11: Next we claim that 

X(««,[0, *£(«)]) C W^. (7.189) 

Suppose that this were false. Since v n € W a $-\ by (7.161), the exit time 

£:= min{i G [0,tj(u)] | x(u tt ,t) £ > 

would then be well-defined and fulfill 

X(v u ,[0,i)) C Wvfi-u 

Since Sk > 0, we would then have (7.148) at least for t G [0,t), and since 
x(v u ,t) is not the origin (which would imply that also = v u = L(^(it)) 
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and thus z[{u) = x in contradiction to Remark 5), it would have to lie on 
the top or bottom border of W a fi^\. As a result, we would have 



xK,[o,t]) c w a>( 



(7.190) 



and so y(s) is defined (and has graph in W a> o) for s G [xi( v u, t), s~k] = [sf, Sfc]. 
Furthermore, since x( v u,t) = ( s f>2/( s t)) by (7.187), we would have |y(s t -)| = 
{9 — l)|fi£| and thus 

\y{s t ) - y{si)\ > \y(s { )\ - \y(s { )\ >(9-l- ~9)\s t \ (7.191) 

by (7.180). Since by (7.163) and (7.155) we also have 

\y(sk) - y(h)\ = \y u -m\ < P < h, 

and since 9 — 1 — 9 > lby (7.136), the continuity of the function s i— > 
s~ 1 \y(s) — y(s)\ on [sf, s~k] would imply that there 3s G [s$, s~k] such that 



\y( s ) - y( s )\ = s - 

Now by (7.146b) we have for Vs G [s$, s~k] 
d s [s^(y(s)-y(s))) 

= g p s q/p -\y-y) 



(7.192) 



+ s 



q/p 



r + qy 



p ps 
s^(h(s,y)-h(s,y)) 
s q/p (y-y)d v h(s,y*) 



+ h(s,y) 



r + qy 
p ps 



+ h(s,y) 



for some y*(s) between y(s) and y(s), and thus 

s q,p {y(s) -y(s)) = s q f ,p (y{s t ) -y(s f )W / <y»(s', y V)) d*' 



Since with (s',y(s')) and (s',y(s')) also (s',y*(s')) is in W CTi e, we can use the 
estimate (7.141) to find 



= st\y(s { )-y(st)m q/2p 
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=> s^\y(s)-y(s)\<sf P \y(si)-y(si)\ 

by (7.191). Setting s := s and using (7.192) and (7.136) would now imply 

-i+ g /2 P < _ x _ e)- q ' 2p \y{ Si ) - y{ Si )\ 1+q/2v 

_ q/2p 

\y{s i )-y{s t )\>{9-l-9)^+^s>{A + d 7 + 29)s. (7.193) 

Since by (7.180), by the equivalent of (7.178) for y and 9 instead of y and 
9, and by (7.135) we have 

r / ^/l+W^ < 1 + sup |y'(s)| < 1 + I {\r\ + g 0) + 1 = d 7 

S Jo 0<s<s F 

and by (7.174) and (7.182) thus 

f(s,y(s))= / Vl + WWds 

J s 

" VT+WWds - f y/T+WWds 
Jo 

>a-d 7 s, (7.194) 

we could finally use (7.190) and (7.185), twice (7.174), (7.175b), (7.194), 
(7.193), twice (7.180) and (7.192) to obtain the contradiction 

d> a- fi(u) > f{s h y{s { )) 



f y/r+wwds + r ji+wwds 

J S: J S 

^TTWWds + f(s,y(s)) 



s 



> / \ y '( s )\ds+[f(s,y(s))-f(s,y(s))]+f(s,m) 

> \y(s) - y(s { )\ - 3\y(s) - y(s)\ + (« " d 7 s) 

> [\y( Si ) - y(s { )\ - \y(s t ) - y(s)\ ~ 1000 " !/(«)|] 

-3|y(s) -y(s)\ + a-d 7 s 
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> (4 + d 7 + 29)s - \y(s { )\ - \y(s)\ - 4\y(s) - y(s)\ + a - d 7 s 

> (4 + d 7 + 29)s - Osf - 9s - As + a - d 7 s 

> d, 

concluding the proof of (7.189). 

Step 12: We can now put everything together: By (7.189) the condition in 
(7.185) is fulfilled for t = t'^u), and so we have d — fi(u) = f(L(u)). This 
relation was shown for Vn £ B v (w), and differentiating it at u = w shows 
that 

lYftHI = \Vf(L(w))R T \ = \Vf(L(w))\. 

Since L(w) = x{L(4( w ))A( w )) G w *fi by (7.188) and (7.189), (7.175a)- 
(7.175b) thus give us the upper bound 

|V/iH|<[5 + |(|r|+^)]+3 

which is independent of our choice of w G E[ n B^(x). This terminates our 
proof of property (vi) . 

Proof of property (vii). Let eg := sup{ \S7fi(v)\ | v G E' i7 i G /}, which 
is finite by what we showed in part (vi) and which fulfills eg > 1 by our 
calculation for part (ii.3) and by part (iv). Let w G B £ (x) and i G /; we 
must show that fi(w) < cg\w — x\. 

If fi(w) = then the estimate is trivial. Otherwise the function h G 
C([0, 1], [0,d]), defined by h{9) := U{x + 9{w - x)), fulfills 

h(l) = fi(w) > = fi(x) = h(0) 

by property (i), and thus the values 

9\ := max{# G [0, 1] \h(9) = 0}, 

9 2 :=min{0G [^,1] \h(9) = fi(w)} 
fulfill 9 1 <9 2 . For y9 G (6> x , 6» 2 ) we then have 

= h{9 x ) < h{9) < h{9 2 ) = fi{w) < a, 

i.e. x + 9(w — x) G / i ~ 1 ((0, d)) = E' i: so h is C 1 on (^1,^2) by what was 
shown in part (ii.2). Thus by the mean value theorem 39 G (#1,6*2) such 
that 

fi(w) = h{9 2 ) - hiOt) = h'{9) ■ (9 2 - 9 Y ) 

< \Vfi{x + 9{w - x))\\w - x\ - \9 2 -9i\ 

< Cg\w — x\ ■ 1. □ 
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C Proof of Lemma 27 — Some Technical Details 



In this appendix, let us denote 

E s :={( Vl ,..., v n ) e M n | v ns+1 = ... = Vn = 0}, (C.la) 
E u := { (yi, . . . , v n ) G R n \ v x = ■ ■ ■ = v Us = 0}. (C.lb) 

C.l Remarks on the Construction of M l s oc , M l ° c , p s and p u 

First let us quickly review the proof of the Stable Manifold Theorem found 
in [11, Sec. 2.7] and [12, Sec. 13.4]. Both sources begin the construction of 
M l s oc by using the transformation w = x + Rw, b(w) := R~ l b(x + Rw) to 
reduce it to the case where x = and R = I. Our formulas for general x and 
R can thus be obtained either by reversing this transformation, or directly 
by generalizing the construction in [11, 12]. Their analogues for M l ° c are 
then obtained by reversing time and replacing b by —b. 

In a first step, the method of successive approximations is used [11, 
p. 109-110] to construct for every v in some ball B§{x) C D a function x v s 
with 

\\m X V s{t)=x (C.2) 

t— YOO 

that solves (7.10) and thus xl = b(x v s ), i.e. Xs(t) = ^(xs(0),t). One then de- 
fines the function p s {v) := Xs(0) f° r € B$(x) (implying (7.9)), and finally 
one defines the manifold M l ° c as the image of the function (j) s : i?™ s (0) — > D, 
4> s (u) := p s (x + R(u, 0, . . . , 0) T ), where r\ := S/\R\, and where 1?™ S (0) de- 
notes the ball in W 1 " with radius 77 and center 0. Analogously one can define 
the functions x^, p u and U and the manifold M l ° c . 

The functions p s and p u are shown to be C 1 with derivatives such that 

(V0 fl (O),V0 u (O)) =i? (C.3) 

(see [12, last line on p. 331, and Thm. 4.2]), and since 4> s (0) = p s (x) = x and 
4>u{0) = Pn(^) = x, this shows that M l ° c and M^ oc are proper C 1 -manifolds 
with 

T x M l s oc = RE s and T x M l ° c = RE U . (C.4) 

More details on the remaining properties of the functions p s and p u can be 
found at the end of this section. 

(7.5): Next we claim that we can decrease rj > so that (7.5) holds. Indeed, 
otherwise we could find sequences (Ug)keN C B™ s (0) \ {0} and (u^jk^N C 
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-B™"(0) \ {0} converging to zero such that for Vfc G N and u k := (uj, — u^) 
we have 

= <j> s {u k s ) - (j) u {u k u ) 
= (x + V&(0)u*) - (x + V^u(0)u*) + o(|u*| + 
= (V0 s (O),V0 u (O))n fe + o(|^|) 
= 12u fc + o(|u*|), 

and dividing by |u fc | and multiplying by would imply that ii fc /|ii fc | — >• 0. 

(7.6): To ensure that also (7.6) is fulfilled, note that the vectors y s and y u 
in (7.6) are of the form 

_ V(j) s (u s )c s _ V4>u(u u )c u 

y s {c s ,u s ) :- |V0sK)cs| , yu{c u ,u u ) :- 

for some (c s ,u s ) G dS™ 3 (0) x 5™* (0) and (c u ,u u ) G 9B""(0) xB;«(0). Since 
y s (c s ,0) G T x M l s ° c and y u (c u ,0) G T x M l ° c and since T x Mi° c n T x M l ° c = 
R(E S n £ u ) = {0} by (C.4), we have y s (c s ,0) / y„(c u ,0) and thus 

(y s (c s ,0),y u (c u ,0)) < 1 for Vc, G SS^(0) and Vc u G 8B^(Q). 

Thus the continuity of the function f(c s ,u s ,c u ,u u ) := {y s (c s ,u s ), y u (c u , u u )) 
and the compactness of dB™ s (0) and dB™ u (0) imply that 

sup{/(c s , 0,^,0) | c s G dB^(0), c u G dBp(Q)} < 1, 

and so we can decrease r/ > so much that 

9 = sup{f(c s ,u s ,c u ,u u )\(c s ,u s ) £dB^(0) xBj ! (0), 

(c„,«„)e^»(0)xB;»(0)}<l, 

which is (7.6). 

(7.2)-(7.3b): In [12, Ch. 13, Thm.4.1] it is shown that 3a G (0, such 
that the property (7.3a) (and analogously (7.3b)) holds. The relation "C" 
in (7.2) is now a direct consequence of (7.3a)-(7.3b), while the relation "D" 
in (7.2) was already clear from (C.2) and its counterpart lim^-oo x„(t) = x. 

To see that p s (B ao (x)) C M l ° c (observe that ao < j^ry = |fl|| < S), first 
note that the construction of Xs m [H] implies for \/v,w G B$(x) that 

if v — w G RE U then Xs = X^ and thus p s (t>) = p s {w). (C.5) 
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Therefore, if we denote by P s the orthogonal projection onto E s and if for 
Vf G B ao (x) we let u v G W ls be the vector such that (u v ,0) = P s i? _1 (t; — x) 
then |u,,| = \{u v , 0)| < - x)\ < |a, < ??, i.e. u v G -B^ s (0), and 

since u - (x + R(u v ,0)) = R(I - P s )R~ 1 (v - x) G (C.5) implies that 

p s {v) = p s (x + i2(it„,0)) = (ps{u v ) G Mj OC . Similarly, one can show that 
Pu (B ao (x)) C M l ™. 

(7.7)-(7.8): From (7.10) and (C.4) one can see that for Vt> G B$(x) we have 
Ps (v) - v G = T x M l u oc , i.e. (7.7). Therefore, if v G M] oc n B s (x) and 
thus u = p s (w) for some ui G B$(x), then v — w = p s (w) — w G and 
thus by (C.5) we have p s (i>) = p s {w) = v, which is (7.8). 

(7.4): Note that M l ° c n B ao (x) = p s (B ao (x)) n 5 ao (x) (indeed, "D" is clear 
since p s maps into M l s oc : "C" follows from (7.8)). The continuity of p s thus 
implies that M l s oc n B ao (x) is compact, and an analogous representation 
shows that also M l ° c n S ao (a;) is compact. 

C.2 Proof of Lemma 28 

Proof. We will only show these properties for f s . Since M l ° c is an Jig- 
dimensional C 1 -manifold, it can locally be described by a diffeomorphism 
Q s : U — > Cs(U) = Bn(0), for some neighborhood U C B ao (x) of x and some 
H > 0, that fulfills C s (a;) = and 

M l s oc nU = (-\E s ), (C.6a) 
i.e. Cs(Mi oc n^7) = ^nCs(c/), (C.6b) 

where E s is given by (C.la). 

Indeed, in the notation of Appendix C.l, we can define ( s via its inverse 

C s -1 («i, . . . ,Un) := <t> s (ui,.. .,u„J + i?(0, . . . ,0,n ns+ i, . . . ,u n ) T (C.7) 

for Vu G Bu(0), which is a diffeomorphism for sufficiently small (J, G (0, 77] 
since VC7 X (0) = R by (C.3), and where we also choose /i so small that for 
Vu G -B/i(0) we have C" 1 ^), </>s(«i> • • • , %J G -B ao (x). The relation "D" in 
(C.6a) is clear. To show the reverse relation "C", let w G M l s oc n J7, and let 
u G B^(0) be such that u> = £"(«). Then w — <f> s {u\, ■ ■ ■ ,u ns ) G RE U by 
(C.7), and so (7.8), (C.5) and again (7.8) imply that 

Q l {u) = w =p s {w) = p s (<j) s (ui, . . . ,u n J) = <j) s (ui,.. . ,U n J. 

By (C.7) this shows that u G E s , i.e. w G <^~ 1 (^ s ), terminating the proof of 
(C.6a). 
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Now consider the vector field b G C l {U, W 1 ) denned by 

b(w) :=b(w)-2R{ ^)R~ 1 VC s (x)- 1 Uw), w G U. 

In this new vector field, x is an attractor since by (7.1) 

Vb(x) = Vb(x) - 2R(° ° )R- 1 VCs(x)- 1 VCs(x) = R(% J^iT 1 

has only eigenvalues with negative real parts. Also, we have b(w) = b(w) for 
Vw G M l s oc n U. Indeed, for Vw G M l s ° c n U we have by (C.6b) and (C.4) 

Cs(w) g Cs(M l s 0C nu)cE s = t (e s n Cs(u)) = T Q ( s (M l s 0C n u) 

= VCs(x) T x (M l s oc nU) = VCs(x) RE S , 

i.e. R^VCsix)- 1 ^™) eE s , which implies that(° %)R- l V( s (x)- l ( s (w) = 0. 

Since x is an attractor of b, there 3f > such that B v [x) is contained 
in its basin of attraction, which in particular implies that B u (x) C U and 
that the flow ip(w, t) corresponding to b is defined and in U for \/w G B v (x) 
and Vt G [0,oo). Thus we can define a function f s : B„(x) — > [0, oo) based 
on this flow ip as in Definition 9, which has all the properties of Lemma 20. 
In particular, f s is continuous on B v (x) and C 1 on B u (x) \ {x}. 

Furthermore, by [11, Corollary on p. 115] we can reduce v > so much 
that for Vw G M l ° c n B v {x) we have ip(w, [0,oo)) C U C .B ao (x), and thus 
in fact tp(w, [0, oo)) C M l ° c n C/ because of (7.3a). Therefore, since b = b on 
M] oc n J7, any flowline ^(to, [0, oo)) starting from a point w G Mj oc n B v (x) 
coincides with the flowline i(^(w, [0, oo)), which implies that f s (w) = f s (w) 
for Vw G M l s oc nB„(x). 

In particular, f s is finite- valued on M l ° c n B u (x), and if we decrease ao 
so much that ao G (0, u) then (iii) and (iv) hold, where for cio we choose 
the constant C5 > 1 given by Lemma 20 (iv) corresponding to the function 
f s and the compact set K := B aQ (x). Furthermore, given any Vw; G M s , by 
(3.6a) and (7.2) there is a T > such that ip(w,T) G M l s oc nB u (x) and thus 

f s (w)= f T ' \b{i/>(w,t))\dt + M{w,T)) < 00, 
J 

so / s is finite- valued on all of M s . The statements in (i) now follow from 
d t f s &(w, t)) = lim i [M(w, t + h))- fMw, t))] 

/"OO /"OO 

/ \b(ip(w,T + t + h))\d,T - \b(ip(w,T + t))\dr 
Jo Jo 



= lim — 
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i rt+h 

= -lim - / \b^{w,r))\dT = -\b{^{w,t))\- 
The proof of (ii) is identical to the one of Lemma 20 (iii), see (B.6). □ 

C.3 Proof of Lemma 29 

Proof. First we will show that 

f- l {[0,a ]) cM l s oc nB ao (x), (C.8) 

which in particular says that /~ 1 ([0, ao]) is a subset of M l ° c . By (7.14a) we 
have /^([O.ao]) C B ao (x). Thus, if (C.8) were wrong then there would be 
awe Z" 1 ([0, oq]) \M l s oc C B ao {x)\M l s oc , and by (7.3a) we could find a t > 
such that t) ^ B ao (x). But then by (7.14a) and Lemma 28 (i) we would 
have ao < \ip(w,t) — x\ < f s (ip(w,t)) < f s (tp(w,0)) = f s (w), contradicting 
w G /~ 1 ([0, ao]), and (C.8) is proven. 

Now let f s G C(B ao (x), [0, oo)) be the function given by Lemma 28 (iii) 
that fulfills f s = f s on M\ oc n B ao (x). Then by (C.8) we have 

/^([O^o]) = /^(M) n (Mi oc n B ao (x)) 
= f- 1 {[o,a ])n{M l s ° c nB ao (x)). 

Since /~ 1 ([0,ao]) and by (7.4) also M] oc n B ao (x) are compact, this shows 
that f s _1 ([0, ao]) is compact. The statements for f~ l ([0, ao]) , M° = / s _1 ({a}) 
and M" = /^ 1 ({a}) follow from similar arguments. 

Next let us show the first relation in (7.19). The inclusion "C" is clear since 
M s a C M s \{x). To show the inclusion "d", let a G (0, a ] and io G M s \{x}. 
By (3.6a) and (7.2) there 3t > so large that ^(tM) G M l s oc n B o/ci0 (a;), 
which by (7.16a) implies that 

fs(^(w,t)) <c 10 \w-x\ <a (C.9) 

since ^- < a < oq. Since by (7.5) we have wq := ip(w,t) G M l ° c C\B a / Cl0 (x) \ 
{x} C B aQ {x) \ Ml oc , by (7.3b) there 3t' < such that ip(w ,t') £ B ao (x) 
and by (7.14a) thus 

f s {ip(w, t + t')) = f,ty(wo, 0) > M™o, - x\ > a > a. (CIO) 

Now by (C.9), (C.10) and the continuity of f s {ip(w, • )) shown in Lemma 28 (i), 
there 3t" G [t + t',t] such that f s (ip(w,t")) = a, i.e. v := ip(w,t") G M s a , 
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which implies w = ip(v,—t") G ^(M°,R). This proves that M s \ {x} C 
^(M«,K). 

Finally, observe that in the two-dimensional case M s \ {x} consists of only 
two distinct flowlines, each of which contain by Lemma 28 (i) at most and 
by (7.19) at least one point in M" . Thus M s \ {x} contains exactly two 
points in M", and since C M s \ {x} by (7.19), this shows that M" con- 
sists of exactly two points. Analogous arguments show this statement also 
for M*. □ 

C.4 Proof of Lemma 30 

Proof. Let d := -l+y/2 + 26 G (0, 1), which fulfills d 2 +2d-(l+29) = 0. Let 
v,w G M n fulfill (v,w) < 6\v\\w\, and w.l.o.g. let us assume that \w\ < 
Now if v = then u> = 0, and the estimate is trivial. Otherwise 

\w\ _2{d-6) 
"H ~ 1 ~ l-d 2 
=*> 20|u| + M < 2d\v\ +d 2 \w\ 

=> \v + w\ 2 = \v\ 2 +2(v,w) + \w\ 2 < \v\ 2 + 29\v\\w\ + \w\ 2 

< \v\ 2 + 2d\v\\w\ + <i 2 M 2 = (|«| + d\w\) 2 . □ 

C.5 Proof of Lemma 31 

Proof. We will only show part (i); part (ii) can be proven analogously. Ac- 
cording to the Hartman-Grobman-Theorem [11, p. 119] there exists an open 
set U C D containing x, and a homeomorphism F : U —¥ F(U) C R n such 
that F(x) = 0, and that for \/w G U and every interval Jet with G J and 
^(w, J) CU we have Vt G J: F(i/)(w,t)) = e tA 'F(w), where A' := (qq). 
In addition, we may assume that 

F-\E u )^M l ™, (C.ll) 

where E u is given by (C.lb). 

Indeed, by picking 5 > sufficiently small we can make sure that for 
G B s {x) n F~ 1 (E U ) and Vt < 0, |e M 'F(w;)| < (sup T < \e rQ \)\F(w)\ is so 
small that F~ l (e tA ' F(w)) G (/nB So (^) and thus i/>(w, t) = F'^e^' F{w)) G 
B ao (x), which by (7.3b) implies that w G M l ° c . Therefore we have B$(x) n 
F~ 1 {E U ) C M£ oc , and so (C.ll) holds if we replace F by F\ Bg{x)nU . 

Now let us decrease a\ > so much that -B ai (x) C [7, let 77 > 0, and define 

#1 := B ai (x) n M^ oc and K 2 := B ai (x) \ iV„(tfi). (C.12) 
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Since K 2 is a compact subset of U, F(K 2 ) is compact as well, and since by 
(C.ll) and (C.12) we have 



F(K 2 )nE u = F(K 2 nF~ 1 (E u )) 

CF(( J B ai (x)\K 1 )n< oc ) 

= F{(B ai (x)\Ml° c )nMl oc )=0 



there 3i> > such that 



F(K 2 )nN u {E u ) = 0. 



(C.13) 



Finally, let c := sup t>0 |e iP | G [l,oo), and choose /i G (0, 01) so small that 
VweB^x): \F(w)\~< |. 

Now let iu G B^(x) \ M l ° c . Since /z < 01 < ao, by (7.3a) the flowline 
starting at u; will eventually leave B ai (x) as i — > 00. Denote the exit time by 
Ti(tu) > and let t G [0,Ti(u>)]. Then since ip(w, [0,t]) C B ai (x) C C/, we 
have F(ip(w,t)) = e tA ' ' F(w) = u(t) + v(t), where n(t) := (°j> Q )F(w) G £ u 
and v(t) := ( et P g)F(u;). Since \v{t)\_< |e iP ||F(u;)| <c-\ = v, this 
representation shows that F(ip(w,t)) G N V (E U ) C M n \F(J^2) by (C.13), and 
thus ip(w,t) G B ai (x)\K 2 = B ai { x )^ N r,(Ki) by (C.12). Since t G [0,Ti(«;)] 
was arbitrary, we can conclude that ip(w, [0,Ti(w)]) C B ai (x) n A^(ifi), 
which is (7.30). □ 

C.6 Proof of Lemma 32 

Proof. Let a G (0,a ]. By (7.19) and (3.9) we have M s a C M s \ {x} C 
[J i£l ip(Mi,R.), and in fact we have 



Indeed, if w G M" and thus u> G ip(Mi,M) for some i G / then by (6.17) we 
have fMi{4>{w,t)) > for Vi > —ti(w), and by (3.6a) and (7.20) taking the 
limit t — > 00 implies that fMi(%) > 0, i.e. i G I + . 

In the two-dimensional case (n = 2) this immediately shows that the sets 
Kf defined in (7.34a), which by the last statement of Lemma 29 contain at 
most two points and are thus compact, fulfill the first relation in (7.32). 
For n > 3 we construct the sets Kf for i G I + as follows: Since the sets 
ip(Mi,M.) are open by Lemma 23, by (C.14) we have that for Vw G M° 



3i w G I + 3r w > 0: B rw (w) C ip(M iw ,R). Since {B ru) (u;)|«; G M s a } is an 



open covering of the compact set M", there is a finite subcovering, i.e. there 



M°c (J V(M i5 ]R). 



(C.14) 
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is a finite set F C Mf such that {j w&F B Tw (w) D Mf. Now defining the 
compact sets Kf := M° n ( \J we p iw=i B Tw (w)) for \/i G I + , we have 

(J Kf = M« n (J B r Jw) = Mf, (C.15) 

which is the first relation in (7.32). Analogously we can construct the sets 
Kf for \/i G I~ and show they fulfill the second relation in (7.32). 
Since 

Vi G J: C ^(Mi,R) (C.16) 

(for n = 2 this follows from (7.34a) , for n > 3 from the definition of the balls 
B Tw (w)) and since ip(Mi,M) is open and Kf compact, there 3r] a > such 
that Vi G I: N Va (Kf) C ip(M u R). Since the sets N Va (Kf) are compact, 
is bounded on N^^Kf) for Vi G /, say by some T a > 0, which implies 
(7.33). □ 

C.7 Proof of Lemma 33 

Proof. We will only show how to construct a po > that fulfills the first 
statement in (7.39). To begin, observe that Mf and ip(Mf°, [— T ao ,0]) are 
compact by (7.18a) and disjoint: Indeed, every w G ip[Mf°, [— T ao , 0]) can 
be written as w = ip(v,t) for some v G M"° and some t G [— T ao ,0], and so 
by Lemma 28 (i) and (7.36) we have 

f s (w) = f.Mv, t)) > M(v, 0)) = f s (v) = a >d wiMl 

Since also M° C Bs,( x ) C B ao (x) by (7.17), we can thus choose /9o > so 
small that 

N po (Mf) n ^(Mf, [-T ao , 0]) = 0, (C.17) 
AT po (M s a )cB ao 0z0. (C.18) 

Now define Mf by (7.38). This set is compact since both Mf (by (7.18a)) 
and the domain B ao (x) of the continuous function p s are compact. We must 
show the first statement in (7.39). 

The relation Mf C Mf n M s is easy: By (7.18a) and (7.17) we have 
Mf C M l s oc n B ao , and thus \fw G M s a : «; = p a (w) by (7.8). This means 
that Mf C p -1 (M s a ), and thus Mf C M s a by (7.38). The relation Mf C M s 
is clear from (7.19). 

To show the reverse relation, i.e. Mf C\M S C Mf, let io G M s " nM s . By 
(7.38) we have w G pJ^Mf), i.e. 

/ s (p s H) = a. (C.19) 
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Suppose we had f s (w) > clq. Since f s (vp(w,t)) = \b(^(w, r))| dr —> as 
t — > oo, there would then be a t > such that f s (ip(w,t)) = ao, i.e. t> := 
ip{w,t) £ M s a °. Since w £ N po (M%) by (7.38), (C.17) then implies that w 
ip(M® ( \ [— T ao ,0]), and so the representation io = ^(u, — i) shows that — t ^ 
[-T ao ,0] and thus t > T ao . Now since v £ M s a °, by (7.32) and (7.33) there 
3i £ I + such that v £ C ip(Mi, [— T ao ,T ao ]). Therefore we can write 
w = tp(v,—t) = i{)(zi(v),ti(v) — t), which implies that U(w) = U(v) — t < 
T ao -T ao =0 and thus f Mi (w) < by (6.18). Since w £ N po {M£) C B ao {x) 
by (7.38) and (C.18), (7.21a) thus implies that i ^ / + , a contradiction. 

Therefore we must have f s (w) < ao and thus w £ M l ° c n B ao (x) by 
(7.18a) and (7.14a). We can now use (7.8) to rewrite (C.19) as f s (w) = a, 
i.e. w £ Mf. □ 

C.8 Proof of Lemma 34 

Proof. We will only construct the functions z s and t s and the set D s ; the 
functions z u and t u and the set D u are defined analogously. We begin by 
defining 

t(w) := inf {t £ R | if>(w, t) £ M s 5 } for Vu> £ D, (C.20) 

which we interpret as +oo if ip(w,t) ^ for Vi £ M. We claim that for 
Vv £ M s \ {x} 35 v > such that 

(i) the infimum in (C.20) is achieved for Vu> £ Bs v ( v )i 
(ii) t is C 1 on B$ v (v), 
{Hi) Vw £ B 5v (v) n Mf : t(w) = 0. 
Once this is established we can define the C 1 -functions 

t s (w):=-t(w), for Vw£D s := [j B Sv (v). 

z s {w) := ip(w,t(w)) veM„\{x} 

This definition then immediately implies (7.41a), and by property (i) we 
have z s {w) £ for Vw £ D s . Property (iii) implies that for \/w £ D s f]M^ 
we have t(w) = and thus z s (w) = ip(w,0) = w, which is (7.42a). Finally, 
the relation 

i(il>(w, a)) = t{w) - a for Vcr £ R (C.21) 

implies that 

= 4>(ip(w, a),i(w) - cr) = ip(w, t(w)) = z s (w) 
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wherever both sides are defined, which is (7.43a). 

To prove the claims (i)-(iii) stated above, let v G M s \ {x}. 

Case 1: v G Mf. Then since M s a C B- a {x) C B ai (x) by (7.17) and (7.36), 
there 3/x, v > such that 

V(w,r) G x ^(w,t) G iV po (M fl a ) D B Bl (x) (C.22) 

and thus in particular p s (ip(w, r)) G -B ao (x)nMj oc by (7.29) and the definition 
of p s . Therefore by Lemma 28 (iii) the function F(w,t) := f s (p s (ijj(w,T))) 
is well-defined and continuous on B^iv) x (— v, v). Observe that on this set 
we have 

F(w,r)=a & iI>(w,t) €pJ x (Mf) ^ i>(w,r) G M s s , (C.23) 

where the last step follows from (7.38) and (C.22). 

Since f s (ip(v,-)) is continuous by Lemma 28 (i) and since f s (v) = a, 
by decreasing v > we can also make sure that for Vr G (— v, v) we have 
ip(v,r) G / s _1 ([0,cio]) C M\ oc n B ao (x) by (7.18a) and (7.14a), and thus 
F(v,t) = f s (tp(v,r)) by (7.8). Therefore by Lemma 28 (i) we have 

F(v,0) = f s {v) = a, (C.24) 
d T F(v,0) = -\b(v)\ < 0. (C.25) 

Because of (C.24) we can further decrease fi and v so much that for V(tt>, r) G 
Bfj,(v) x (— zy, i/) we have f s (p s (ip(w,T))) = F(w,t) G (0, clq) and thus 
Ps(i/)(w,t)) G B ao (x) \ {x} by (7.14a), so that F is C 1 on S M (v) x {—v, v) 
by Lemma 28 (iii). 

Finally, by (C.25) we can further decrease \i and v so much that for 
\/(w,t) G B^{y) x (—i/, v) we have d T F(w,T) < 0, so that 

for G B^v) there is at most one value r G (— u, v) . . 
such that r) = a. 

We can now invoke the Implicit Function Theorem, and so there exists a 
S v G (0, n\ and a function t v G C 1 (B^ (v), (— i/, f)) such that for Vu> G (t>) 
we have F(w,t v (w)) = a, which by (C.26) and (C.23) means that 

for \/w G B$ v (v), t v (w) is the unique value in (—u, v) ,^ ^ 
such that ip(w,T v (w)) G M". 
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Now since v G M s a C \J ieI + tp(Mi,R) by (C.14), there 3i G 1+ such that 
v G ^(M^M), and (6.17) implies that for t' := min{— ti(v) — 1, — v\ we have 

f Mi (i;(v,t'))<0. (C.28) 

By Lemma 28 (i) we have f s (ijj(v,t)) > f s (ip(v,0)) = f s {v) = a for Vt G 
[t', -i/], so that tp(v, [f, -v\) n Mf = 0, and since also ^(v, [t', -z/]) C M s , 
(7.39) thus tells us that 

^(t;,[t',-!/])nMf = 0- (C29) 

Now considering (C.28) and (C.29), and that M° is compact, we can further 
decrease 5 V > so much that 

VweB Sv (v): f M Mw,t'))<0, (C.30) 

Vu)6J3j,(c): ^,[t',-H)nM s a = 0. (C.31) 

Now let «; G Bg v (v). Then since t h-» sgn(/M i (V'(' u; ;0)) i s non-decreasing 
by (6.17), (C.30) implies that f Mi {^(w,t)) < for Vt G (-oo,t']. Since 
by (7.40) and (7.21a) we have Jm^u) > for Mu G M s a , this means that 
V>(w,t) ^ for Vt G (-oo,t'], and by (C.31) in fact for Vt G {-oo,-v\. 
Thus (C.27) implies that r v (w) is the unique value in all of (— oo, v) fulfilling 
i>(w,r v {w)) G Mj\ 

This in turn has three consequences: (i) the infimum in (C.20) is achieved 
for \/w G Bg v (v), with 

t(w)=T v (w) for \/w G Bg v (v), (C.32) 

which in turn implies that (ii) t is C 1 on Bg v (v) since r„ is; and (iii) since 
for \/w G Bg v ( v ) H M° we have i/j(w,0) = w G M", we can conclude that 
= r v (w) = t(w) for those u;. These are the three properties that we had 
to prove. 

Case 2: v £ Mf . Then since u G M s , (7.39) implies that v £ M s a . Since 
M s a is compact, there thus exists a 5„ > such that Bg v (v) n M° = 0, and 
claim (iii) will be trivially true. Furthermore, by (7.19) there exist u G M" 
and o" G M such that v = ip(u,—a), i.e. tp(v,a) = u G Bg u (u), where <5 U 
is given by Case 1. Let us decrease 5 V > so much that Vu> G Bg v (v): 
ip(w,a) G B<5„(«). Then by (C.21) and (C.32) (applied to B Su {u)) we have 

t(w) = t(ip(w, a)) + a = t u (iJj(w, a)) + a 

for \/w G Bg v (v), which implies property (ii), and 

i>(w,t(w)) = ip(ip(w,a),i(w) - a) = ^{^{w, a), t u {^{w, a))) G Mf 

by (C.27), which is property (i). □ 
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C.9 Proof of Remark 8 



Proof. We will only prove (7.44a), i.e. the case i G 7 + . Note that z s (Kf°) 
is well-defined since for i G 7+ we have 7f?° C Mf° C M s \ {x} C 7J S by 
(7.32), (7.19) and the definition of D s . 

The proof of Remark 8 must be led separately for dimensions n = 2 and 
n > 3: In the case n = 2 we must show that our explicit definition (7.34a) 
of Kf that we will use later on fulfills (7.44a); in the case n > 3 we only 
need to show that given the sets Kf° constructed in Lemma 32, the sets 
Kf := z s (Kf°) are an alternative choice that fulfill (7.32)-(7.33) for some 
constants 775, T& > 0. A look at the last paragraph of the proof of Lemma 32 
reveals that for the latter it suffices to show that the sets Kf are compact 
and fulfill Kf C V>(Mi,R) for V« G 7+ and that Kf = Mf. 

Beginning with the case n = 2, first let w G Kf° = ifj(Mi,R)nMf . The 
three representations z s (w) = if){w, —t s {w)) = ip[Zi(w),ti(w) — t s (w)) then 
show that z s (w) G Mf n M s n ^(Mj,R) = M s a n ^(Mj,M) = TTf by (7.39) 
and (7.34a), proving the inclusion z s (Kf°) C Kf. 

For the reverse inclusion Kf C z s (Kf°) let it) G Kf = ip(Mi,R) n Mf. 
Then we have ip(w, —ti(w)) = Zi(w) G Mj C B ao {x) c by (7.20) and thus 
f s (ip(w,-ti(w))) > \ip(w,-U(w)) - x\ > a . Since f s (ip(w,0)) = f s (w) = 
a < ao, this shows that there 3t G M such that f s (ip(w,t)) = oq and thus 
v := = ip(zi(w),ti(w) +t) G ^(Mi,K) n M s a ° = 7Cf°. Since w G 

Mj* C and w,v G M s \ {x} C £> s , (7.42a) and (7.43a) now show that 
w = Zs(w) = z s {^(v, -t)) = z s (v) G z s (Kf°). 

Moving on to the case n > 3, first note that the sets Kf are compact as 
the continuous images of compact sets. To see that Kf C ^(Mj,R), note 
that if w G Kf = z s (Kf°) then there 3v G 7Tf° such that 

w = z s {v) = i{>(v,-t a (v)) G ip(Kf°,m) c ^(^(Mi,R),R) = ^(Mj,R) 

by (C.16). Finally, to show |Jiei+ ^? = observe that since 




= ^(M^) 



by (7.32), we only need to prove that z s (Mf°) = Mf. 

To do so, first observe that by (7.41a) and (7.19) we have z s (Mf°) C 
i^(Mf° ,M) C M s , and thus by definition of z s and by (7.39) we have 
z s (Mf°) C MfnM s = Mf. To show the reverse inclusion, let w G Mf. Then 
by (7.19) we have w G M s \ {x} = ifj(Mf°,R), and so 3v G Mf° 3t G M: 
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w = tp(v,t) and thus f s (tp(v,t)) = f s (w) = a, i.e. ip(v,t) £ M". Since 
f s (ijj(v,-)) is decreasing by Lemma 28 (i), t is in fact the unique value with 
this property. Since v £ M s , by (7.39) this means that t is the unique value 
such that ip(v,t) £ Mf, which in the notation of Appendix C.8 implies 
that t(v) = t and thus z s (v) = ip(v,t(v)) = ip(v,t) = w. This shows that 
w £ z s (Mf°), completing our proof. □ 

C.10 Proof of Lemma 35 

Proof. Again we will only consider the case i £ I + . First we claim that 

^{Kf,[-n,T a }) n/^([0,oo)) C K. (C.33) 

To see this, let w £ ip(K?, [-7~,2~]) n f^. ([0, oo)) . If w £ B ao (x) then by 
(7.35) we have w £ K. Therefore suppose now that w ^ B aQ (x); we must 
show that w £ K also in this case. 

Let v £ Kf and t £ [—Ta,Ta] such that w = ip(v,t). Since by Remark 8 
we have v £ Kf = z s (Kf° ) , there 3u £ Kf° : v = z s (u), and we find that 

w = tP(v, t) = ip(z s (u),t) = ^(i/j(u, -t s (u)),t) = tP(u, t - t s (u)) . (C.34) 

Since u £ Kf° C M s a ° by (7.32), and since w <£ B ao (x) D / s _1 ([0,a ]) by 
(7.14a), we thus have 

f s (ip(u,0)) = f s (u) = a < f s (w) = f s (ip(u,t- t s (u))), 

and so Lemma 28 (i) implies that > t — t s (u). Therefore by (C.34) and 
(7.33) we have 

W £ ^(^f°,(-oo,o)) c^(^(M i ,[-r„ ,r ao ]),(-c»,o)) =^(M i ,(-c»,r ao )) 

and thus ti(w) < T ao . Furthermore, since fMi(w) > by our choice of w, 
by (6.18) we have U(w) > 0. We can now conclude that U(w) £ [0, T O0 ) and 
thus w £ i>{Mi, [0,T ao )) C K by (7.35), and (C.33) is proven. 

Now we abbreviate M~ := /^((-oo,0)), M+ := /^([0,oo)), and F := 
ij>(Kf, [-T d , Tg]) , and finally we define the open set d := MruN d (FnM+). 
Then the relation (C.33) translates into 

FHM+CK, (C.35) 

which by (7.37) implies that N & (F n M+) C N & (K) C D and thus C D. 
Also, we have 

d D [F n Mr] U [F n M+] = F n [M~ U M+] = F n D = F, 
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which is (7.45), and again using (C.35) we find that 



d n M+ = [Mr UN- a (Fn M+)] n M+ 

= [Mr n M+] u [N & (F n M+) n 
C0UN a (FnM+) cN- a (K), 

which is (7.46a). 
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